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We investigate how the holographic correspondence can be reformulated as a generalisation
of Wilsonian RG flow in a strongly interacting largeN quantum field theory. We firstly define
a highly efficient RG flow as one in which the Ward identities related to local conservation
of energy, momentum and charges preserve the same form at each scale – to achieve this it is
necessary to redefine the background metric and external sources at each scale as functionals
of the effective single trace operators. These redefinitions also absorb the contributions of
the multi-trace operators to these effective Ward identities. Thus the background metric
and external sources become effectively dynamical reproducing the dual classical gravity
equations in one higher dimension. Here, we focus on reconstructing the pure gravity sector
as a highly efficient RG flow of the energy-momentum tensor operator, leaving the explicit
constructive field theory approach for generating such RG flows to the second part of the
work. We show that special symmetries of the highly efficient RG flows carry information
through which we can decode the gauge fixing of bulk diffeomorphisms in the corresponding
gravity equations. We also show that the highly efficient RG flow which reproduces a given
classical gravity theory in a given gauge is unique provided the endpoint can be transformed
to a non-relativistic fixed point with a finite number of parameters under a universal rescaling.
The results obtained here are used in the second part of this work, where we do an explicit
field-theoretic construction of the RG flow, and obtain the dual classical gravity theory.
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I. INTRODUCTION
The holographic correspondence implies that many features of a large class of strongly inter-
acting many–body quantum systems can be understood via a dual classical gravity theory with
appropriate asymptotic symmetries in one higher dimensional spacetime. Furthermore, the dual
classical gravity theory typically should involve only a finite number of fields.
Since the duality has been first conjectured for the N = 4 supersymmetric Yang–Mills (SYM)
theory [1], a large body of supporting evidence has been gathered, albeit in a limited number
3of examples, most of which can be embedded into string theory. It is a widespread belief among
experts that the correspondence should be more general. This is supported by the expectation
that the emergent extra radial dimension in the dual classical gravity theory encodes a special
kind of renormalisation group (RG) flow in a large class of strongly interacting quantum many-
body systems. Recently, the works [2–5] have stimulated great interest in understanding how the
holographic correspondence can be reformulated as a RG flow.
In this work, which we present in two parts, we show how an explicit constructive field theory
approach at strong coupling and large N can reproduce the traditional holographic correspondence
[6, 7] at least in the dynamical sector corresponding to pure gravity in one higher dimension as a
precise kind of generalisation of Wilsonian RG flow.
It turns out that in order to reformulate gravity as a RG flow, it is useful to first rephrase the
equations of gravity in a RG-flow-like language, which involves first order scale-evolution of physical
quantities in a fixed non-dynamical background metric. The non-trivial aspect of this rephrasing
is that not only should the gravity equations be rewritten in first order form akin to RG flow
equations, but also the latter should encode complete information of the bulk metric, including the
ultraviolet (UV) data that is necessary to produce geometries that have no naked singularities. In
the first part of this work, which is the subject of the present paper, we show how the equations of
(d+1)−gravity can be rewritten as such a first order RG flow in a fixed non-dynamical background
metric, and how the dual classical gravity equations can in turn be reproduced from this RG flow
equation.
The basic goal of the present paper is to find which properties a RG flow in a d−dimensional
field theory (that defines effective operators at various scales) should have such that the first order
scale-evolution equations for operators can be rewritten as equations of a (d+1)− classical theory
of gravity with full diffeomorphism invariance. We will also determine how such properties of RG
flow lead to (d + 1)−dimensional dual classical geometries which have regular horizons and obey
diffeomorphism invariant equations of motion. In the second part of this work [8], we will give an
actual construction of such a RG flow as a precise kind of coarse-graining of the UV dynamics.
Thus based on the results of the present paper, we will be able to define constructive field theory
in the large N and strong coupling limit.
We find that the key property of the RG flow which is necessary to obtain diffeomorphism
invariance in (d + 1)−dimensions is that there should exist a metric gµν(Λ)[t
µ
ν(Λ), Oi(Λ),Λ] and
background sources Ji(Λ)[t
µ
ν(Λ), Oi(Λ),Λ] which are functionals of the single-trace operators at
each Λ such that the Ward identity for local conservation of energy and momentum can be written
4in the form
∇(Λ)µt
µ
ν(Λ) =
∑
i
Oi(Λ)∇(Λ)νJi(Λ), (1)
where∇(Λ) is the covariant derivative constructed from the effective metric gµν(Λ). Thus an effective
dynamical metric and sources emerge out of our construction in order to preserve the form of the
Ward identity for local energy-momentum conservation at each scale by absorbing the contributions
coming from the multi-trace operators, although the scale evolution of the operators are first order
and taking place in the fixed Minkowski space background. Our claim is that the effective metric
and sources then leads to a bulk metric and other bulk fields which are solutions of a pure classical
gravity theory with full diffeomorphism invariance with the identification r = Λ−1 between the
scale Λ and the emergent radial coordinate r. This feature of preservation of the effective form
of the Ward identity will be the key defining feature of what we call a highly efficient RG flow.
Furthermore, we will see that the map between a highly efficient RG flow and its dual gravity
theory is unique.
Independently of reconstruction of holography, we can motivate highly efficient RG flow as an
appropriate construction for understanding time-dependence of field-theoretic observables. In this
case, the directly measurable quantities are collective variables (like hydrodynamic variables, con-
densates, relaxation modes, etc.) and their statistical fluctuations and correlations. In a strongly
coupled large N theory, as will be explicitly demonstrated in [8], we can define quantum operators
at any scale as a functionals of the collective variables which take the same form in each quan-
tum state being measured. The equation of motion for the collective variables lead us to describe
the time-dependence in expectation values of the quantum operators. Coarse-graining of collec-
tive variables will lead us to construct coarse-grained quantum operators in a state-independent
way. This can work only if we preserve the form of Ward identities like that of local energy and
momentum conservation, which is violated by projecting out high energy modes that give rise to
driving forces on the soft sector. To preserve the Ward identity for the energy-momentum tensor
projected onto the soft sector, we need to redefine the effective background metric and sources –
this should be done in such a manner that these are state-independent functionals of the coarse-
grained operators (and hence also the collective variables) at each scale. As a result, the directly
measurable collective variables will also preserve the form of their equation of motion, although
the parameters (like transport coefficients in the hydrodynamic limit) will get renormalised with
the scale. In the low energy limit, the dynamics will be captured by a finite number of parameters.
It is remarkable that such a structure of the RG flow which follows from the key property (1) leads
5to the emergence of a diffeomorphism-invariant classical gravity theory in one higher dimension,
the complete construction of this RG flow will be the objective of the second part [8] of our work.
To proceed further, it is useful to recapitulate some aspects of Wilsonian RG flow. The chief
purpose of a RG flow construction is to define effective operators and observables at a given scale
of observation. As long as the theory is weakly coupled, it is possible to define all (gauge-invariant)
composite operators in terms of effective elementary fields and the effective couplings, like the
effective Yang-Mills gauge fields Aµ(Λ) and the effective strong coupling αs(Λ) in pure Quantum
Chromodynamics (QCD). For instance, from the Wilsonian effective action S[Aµ(Λ), αs(Λ),Λ] of
pure QCD at a scale Λ, we can readily obtain the composite operator tµν(Λ)[Aµ(Λ), αs(Λ),Λ]
corresponding to the conserved energy-momentum tensor. By knowing how the elementary fields
Aµ(Λ) and the effective coupling(s) αs(Λ) run with the scale, we can obtain the scale-evolution
equations of composite operators of the form:
∂
∂Λ
Om(Λ) =
∑
n
Cmn(Λ)On(Λ). (2)
If the theory is asymptotically free, we can relate operators at a given scale to those of the free
theory in the UV, thus leading to a precise definition of the effective operator algebra at a given
scale.
In the case of a strongly interacting large N conformal field theory (CFT), we can expect that
only a few single-trace operators will have small scaling dimensions, and the rest will decouple
from the RG flow (2) since the coefficients will be suppressed by large powers of Λ−1. Nevertheless,
as has been emphasised in [2], the multi-trace operators built out of the surviving single-trace
operators will also appear in (2). In the large N limit, the expectation values of the multi-trace
operators will factorise in all states. Therefore, we can regard (2) as non-linear classical equations
for the scale-evolution of the single-trace operators – the notion of classicality is applied here in the
sense that we can replace the multi-trace operators as the product of the expectation values of the
respective single-trace operators in (2). Thus, in this paper we will drop our caution in replacing
operators by their expectation values, and not make any distinction between them, although we
will almost always mean the latter.
Furthermore, we will assume that there exists a subspace in the Hilbert space where the operator
tµν is the only single-trace operator that has a non-trivial expectation value, viz. the expectation
value of other single-trace operators either vanish, or are the same for all states in this sector. If
the holographic correspondence is indeed reproduced, this assumption is justified as we can almost
always consistently truncate the dual classical gravity theory to pure gravity. In our approach, we
6start with this assumption, however we should justify this assumption along with those assumptions
mentioned in the previous paragraph a posteriori by establishing a consistent definition of an
effective operator algebra at all scales. In this sector of states, (2) reduces to:
∂
∂Λ
tµν(Λ) = F
µ
ν [t
µ
ν(Λ),Λ], (3)
Since in a CFT, we have no other intrinsic scale, the above equation should have an expansion of
the form:
∂
∂Λ
tµν(Λ) = a3
(
λ(i)
)
·
1
Λ3
·tµν(Λ) +
+
1
Λ5
·
(
a5a
(
λ(i)
)
· tµρ(Λ)t
ρ
ν(Λ) + a5b
(
λ(i)
)
· δµν · t
α
β(Λ)t
β
α(Λ) +
+a5c
(
λ(i)
)
·2tµν(Λ)
)
+ · · · , (4)
where λ(i) are the non-running coupling constants of the CFT. We have also assumed that only t
µ
ν
and multi-trace operators built out of it can appear in the above equation as mentioned before. The
above expansion is valid for sufficiently large Λ satisfying Λ≫ ΛIR, where ΛIR is a state-dependent
scale related to the expectation value of tµν
∞
, which is defined as the microscopic UV operator, i.e.
tµν(Λ =∞). Above we have used the CFT Ward identities ∂µt
µ
ν
∞
= 0 and Tr t∞ = 0 to constrain
(4) up to redundancies. In the second part of our work [8], we will also extend our construction
partly by including another scalar single-trace operator.
We repeat once again that we will leave the actual field theory construction of (3) to the second
part of this work. In the present paper, we will focus on how the equations of pure classical gravity
can be rewritten into the form (3) and vice versa. Furthermore, we will see in the second part
of this work that there is a unique RG flow equation (3) corresponding to a given dual theory
of gravity such that it has an endpoint at a finite scale ΛIR (where the effective metric gµν(Λ)
becomes non-invertible and various components of tµν(Λ) blow up) which can be transformed to a
non-relativistic fixed point with a finite number of parameters under the universal rescaling:
1
ΛIR
−
1
Λ
=
ξ
Λ˜
, t =
τ
ξ
, and ξ → 0 with Λ˜, τ held fixed. (5)
Furthermore, the transformation of the endpoint to the non-relativistic fixed point will be possible
only if the UV data is chosen uniquely – otherwise various components of tµν(Λ) will blow up at
Λ = ΛIR beyond prescribed bounds that should be satisfied in order to ensure the existence of
the non-relativistic fixed point after the rescaling (5). Indeed the prescribed bounds determine the
integration constants of the first order RG flow and thus also determine the UV data. Remarkably,
these UV data are precisely those which are necessary for ensuring that the dual geometries on the
7gravity side do not have naked singularities, matching those which are traditionally calculated by
solving the classical gravity equations explicitly. Therefore, our RG flow construction of the form
(3) will be able to also reproduce the UV data that corresponds to regular solutions of the dual
gravity theory.
In this paper, we will also discuss briefly how our construction of the RG flow in the form (4)
will ensure the good infrared behaviour discussed above. Nevertheless, in order to see this explicitly,
we will need to sum over all orders in Λ−1, which will be explicitly possible only in some dynamical
limits. We will return to this in the second part of our work.
We will call our RG flows highly efficient RG flows because they are able to preserve the
effective form of the Ward identity for local conservation of energy and momentum at each scale by
redefining the background, and also because they are able to self determine the UV data. In this
way, we will be able to somewhat mimic what Wilsonian RG flow achieves in an asymptotically free
theory, namely defining the effective observables at a scale in terms of the ultraviolet free theory,
although here we will achieve the same via the hidden infrared non-relativistic fixed point which
has a finite number of parameters. For instance, in the hydrodynamic limit the latter will be the
incompressible non-relativistic Navier-Stokes equations.
In this paper, we will also see how generalisations of (3), where other auxiliary non-dynamical
state-dependent variables can appear, will lead to classical gravity equations in arbitrary gauges,
which need not be the Fefferman-Graham gauge. In all cases, the effective Ward identity (1) will
be preserved at each scale. Furthermore, we will show that one can read off the choice of gauge
fixing on the gravity side from the symmetries of the RG flow equations (3) when the latter
are constructed on a conformally flat background metric. In particular, these symmetries of the
RG flow will be automorphic to the residual gauge symmetries on the gravity side that map to
conformal transformations on the boundary. We will call such symmetries of the RG flows which
reveal the geometry of hypersurface foliations on the gravity side, in which effective observables
are evaluated, the lifted Weyl symmetries. Via these results, we will be able to achieve complete
translations between pure classical gravity equations and highly efficient RG flows for any arbitrary
gauge-fixing of bulk diffeomorphisms.
Although our work is inspired by [2, 3, 5], we differ in many key points. The major point of
departure is that we consider a generalisation of Wilsonian RG flow in order to reproduce gravity.
Also unlike [5], we do not project the Wilsonian RG flow to the space of single-trace operators.
Rather, we generalise Wilsonian RG flow by making the cut-off a functional of the collective
variables which parametrise the expectation values of single-trace operators, in a manner such that
8the multi-trace contributions to the Ward identities for local conservation of charge, energy and
momentum can be absorbed into new effective backgrounds, so that these retain the same form at
each scale. The detailed field-theoretic aspects of our construction will appear in the second part
of our work [8].
The organisation of this paper is as follows: In Section II, we will introduce key elements of
the definition of highly efficient RG flow, and summarise various conceptual issues which we will
be dealing with in this paper and also in the second part of this work. We will also argue why
highly efficient RG flows will always lead to classical gravity equations with full diffeomorphism
invariance. In Section III, we will show how gravity equations in Fefferman-Graham gauge can
be translated to highly efficient RG flows and vice versa. In Section IV, we will show how bulk
diffeomorphisms can be captured in highly efficient RG flows and how the lifted Weyl symmetry
reveals the dual geometry of hypersurface foliations. Finally, in Section V, we will conclude with
a discussion on how our approach can be extended beyond the pure gravity sector of holography.
The appendices provide detailed derivation of many key results of Section IV.
II. INTRODUCING THE CONCEPT OF THE HIGHLY EFFICIENT RG FLOW AND
HOW IT LEADS TO EMERGENCE OF GRAVITY
Our central proposition is as follows. Let us consider the d−dimensional scale evolution of tµν(Λ)
of the following form:
∂
∂Λ
tµν(Λ) = F
µ
ν [t
µ
ν(Λ),Λ], (6)
in the fixed background metric g
(b)
µν , such that there exists a background metric gµν(Λ) which is a
functional of tµν(Λ) and Λ in the same fixed background metric g
(b)
µν taking the form
gµν(Λ) = Gµν [t
µ
ν(Λ),Λ], (7)
at each Λ, and in which tµν(Λ) satisfies the local conservation equation
∇(Λ)µt
µ
ν(Λ) = 0 (8)
with ∇(Λ) being the covariant derivative constructed from gµν(Λ). Note that gµν(Λ) has to coin-
cide at Λ = ∞ with the fixed background metric g
(b)
µν in which the functionals F
µ
ν and Gµν are
constructed, because tµν
∞
should satisfy ∇(b)µt
µ
ν
∞
= 0, with ∇(b) being the covariant deriva-
tive constructed from g
(b)
µν . We claim that it follows that gµν(Λ) then gives a bulk metric in the
9Fefferman-Graham gauge:
ds2 =
l2
r2
(
dr2 + gµν(r, x)dx
2
)
, (9)
which solves the equations of a pure (d+1)−classical gravity theory with full (d+1)−diffeomorphism
invariance and a negative cosmological constant determined by the asymptotic curvature radius l,
and with r identified with Λ−1 (i.e. r = Λ−1).
This will be the key to recasting a (d+1)−diffeomorphism invariant pure classical gravity with
a negative cosmological constant into the form of a first order RG flow and vice versa. A RG flow
of the form (6) with the above property will be referred to as a highly efficient RG flow for the
rest of this paper.
At this point, it may be useful to provide an example. Let us consider the following RG flow
equation in 4 spacetime dimensions:
∂tµν(Λ)
∂Λ
=
1
Λ3
·
1
2
tµν(Λ) −
1
Λ5
·
(
1
4
δµνt
α
β(Λ)t
β
α(Λ)−
7
128

2tµν(Λ)
)
−
+
1
Λ5
log Λ ·
1
32
·2tµν(Λ) +O
(
1
Λ7
log Λ
)
, (10)
in flat Minkowski space ηµν . For the above RG flow, we can indeed construct the following gµν(Λ):
gµν(Λ) = ηµν +
1
Λ4
·
1
4
ηµαt
α
ν(Λ) +
1
Λ6
·
1
24
ηµαt
α
ν(Λ) +
+
1
Λ8
·
(
1
32
ηµαt
α
ρ(Λ)t
ρ
ν(Λ)−
7
384
ηµνt
α
β(Λ)t
β
α(Λ) +
11
1536
ηµα
2tαν(Λ)
)
−
+
1
Λ8
log Λ ·
1
516
· ηµα
2tαν(Λ) +O
(
1
Λ10
log Λ
)
, (11)
as a functional of tµν(Λ) and Λ in the flat Minkowski space background at each Λ such that,
when it is considered as a effective background metric, the scale-dependent Ward identity (8) is
satisfied (given that ∂µt
µ
ν
∞
= 0). This gµν(Λ) is unique up to an overall normalisation of t
µ
ν(Λ)
by a (Λ−indpendent) numerical constant. Furthermore, the 5−dimensional bulk metric (9) then
satisfies Einstein’s equations with the cosmological constant set to −6/l2, and with r = Λ−1. The
derivation of the above equations will be given in the next section. The log term in (10) will be
shown to be related to the conformal anomaly.
It is to be noted that the Ward identity (8) can be recast as an effective operator equation. For
example, in the above case (8) reduces to:
∂µt
µ
ν(Λ) =
1
Λ4
·
(
1
16
∂ν
(
tαβ(Λ)t
β
α(Λ)
)
−
1
8
tµν(Λ)∂µ Tr t(Λ)
)
+
+
1
Λ6
·
(
1
48
tαβ(Λ)∂νt
β
α(Λ)−
1
48
tµν(Λ)∂µTr t(Λ)
)
+O
(
1
Λ8
)
. (12)
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We can now see that the usual Ward identity is broken at a finite scale by contributions due to
multi-trace operators built from tµν(Λ). Therefore, the scale-dependent effective background gµν(Λ)
as given by (11) serves to absorb these multi-trace contributions in a manner such that the effective
Ward identity preserves its form (8) at each scale.
At this point, it might seem that the highly efficient RG flow (6) with the property that it
gives rise to an effective Ward identity of the form (8) at each scale is just a strange way to
rephrase gravity. However, as we will show in the second part of our work, this is much deeper
than just a mere rewriting of classical gravity equations. The other important feature of (6) can
be seen as follows. We can ask if there exist different functionals Fµν in (6) and also different
associated functionals Gµν in (7) such that the effective background metric gµν(Λ) remains the
same, thus giving rise to the same bulk metric (9) that follows the same (d+ 1)−classical gravity
equations. The answer is that it is indeed the case – the different choices of Fµν and Gµν are
related to (infinite) ambiguities in gravitational counterterms which define tµν(Λ) on a hypersurface
foliation of spacetime in the dual geometry, and a numerical constant that determines the overall
normalisation of tµν(Λ), as will be shown in the next section. The overall normalisation of t
µ
ν(Λ)
can be readily fixed via the two-point correlation function, which can also be obtained from our
approach.
We will show in the second part of our work that it follows from the results in [9] that only for
unique choices of functionals Fµν and Gµν (up to an overall normalisation of t
µ
ν by a numerical
constant), which correspond to unique gravitational counterterms on the gravity side, the RG flow
has an endpoint at a finite scale ΛIR (where the effective metric gµν(Λ) becomes non-invertible and
most effective observables blow up) which can be transformed to a non-relativistic fixed point with
a finite number of parameters under the universal rescaling:
1
ΛIR
−
1
Λ
=
ξ
Λ˜
, t =
τ
ξ
, and ξ → 0 with Λ˜, τ held fixed. (13)
Furthermore, the transformation to the non-relativistic fixed point, which in the case of the hydro-
dynamic limit is given by the non-relativistic incompressible Navier-Stokes equations, is possible
only if the effective observables such as the transport coefficients satisfy appropriate bounds near
Λ = ΛIR [9]. These bounds give the required integration constants of the first order RG flow and
thus enable us to determine all the UV data like transport coefficients. Remarkably, these are pre-
cisely those values which are required to ensure that the corresponding (d + 1)−spacetime metric
has no naked singularity at the late-time horizon – based on [9] we can verify this explicitly for the
case of Einstein’s gravity. Thus the highly efficient RG flow equation (6) with a unique choice of
11
Fµν corresponding to a given dual pure gravity theory can also determine the UV data which lead
to absence of naked singularities in the emergent spacetime, and which are traditionally obtained
by solving the dual classical gravity equations explicitly. We will return to this aspect in detail in
the second part of this work.
Our proposition for rewriting classical gravity theory as a highly efficient RG flow works also
when we include higher derivative corrections to Einstein’s gravity, provided these corrections are
treated perturbatively. We will discuss this aspect in further detail in the next section. Nevertheless,
it is not clear whether for arbitrary higher derivative corrections to Einstein’s gravity we can claim
that the UV data that ensures regularity of the solutions of gravity also implies that the end point
of a highly efficient RG flow can be transformed to a non-relativistic fixed point with finite number
of parameters after the rescaling (34), as our calculations will be presented explicitly for the case of
Einstein’s gravity. We conjecture that such a gravity theory, where the criterion of absence of naked
singularity cannot be translated into good infrared behaviour of a RG flow, does not correspond
to any consistent dual quantum field theory. We will return to this issue again in the second part
of our work.
Another immediate question that arises is that if there is anything special about the choice
of the Fefferman-Graham gauge that may be necessary to recast the classical gravity equations
as highly efficient RG flows. Indeed we will see in Section IV that it is also possible to write the
gravity equations in any other gauge in the form of a highly efficient RG flow and vice versa, but
the scale-evolution equation (6) then also contains auxiliary (non-dynamical) variables, which are
related to the lapse function and shift vector in the bulk metric. Furthermore, the symmetries of
the RG flow equations, which are related to residual gauge symmetries on the gravity side that
map to conformal transformations in the UV, contain direct information about the corresponding
gauge fixing of the (d+ 1)−diffeomorphisms, and thus also about the foliation of hypersurfaces in
the dual (d+ 1)−geometry where tµν(Λ) and the effective metric gµν(Λ) are evaluated.
Why highly efficient RG flows should reproduce (d + 1)−diffeomorphism invariance: Before
we go into the details of the construction of the highly efficient RG flow, let us consider why
our definition of the highly efficient RG flow ensures that we reproduce a classical gravity theory
with full diffeomorphism invariance. Firstly, it is clear that if a theory of gravity does not have
full diffeomorphism invariance, it should have extra degrees of freedom – particularly the lapse
function and shift vectors will be dynamical as is the case in Horava-Lifshitz gravity. In presence
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of such extra degrees of freedom, we expect to reproduce a Ward identity at best of the form:
∇µt
µ
ν = terms involving Oi and Ji (14)
where the Oi are the single-trace operators dual to the extra propagating bulk fields, and where the
Ji are the corresponding external sources. Therefore, it will be impossible to truncate the RG flow
consistently such that the only single-trace operator that appears all through the scale evolution
is the energy-momentum tensor. We also cannot satisfy the criterion of the highly efficient RG
flow which demands that the effective Ward identity should always take the form of (8) at all
scales. Indeed the Ward identities that follow from holographic analysis of Horava-Lifshitz gravity
have been obtained explicitly in [10] (see also [11, 12]), and these do not take the form given by
(8). This can be furthermore verified by the fact that in the hydrodynamic limit, the holographic
analysis of Horava-Lifshitz gravity does not reproduce standard Navier-Stokes equations, but those
in presence of additional sources (torsion and Newton potential) [13]. In any case, we should prove
more rigorously in the future that it is possible to construct an effective Ward identity of the form
(8) in a RG flow only if the dual gravity theory has full (d+ 1)−diffeomorphism invariance.
On the other hand, if we indeed have a classical gravity theory with full (d+1)−diffeomorphism
invariance, it is always possible to construct a tµν(Λ) in the corresponding RG flow equations that
satisfies the effective Ward identity (8) at all scales by virtue of the fact that the classical gravity
equations satisfy (d + 1)−Bianchi identities. The explicit demonstration of this assertion will be
given in the following section.
III. GRAVITY EQUATIONS FROM A HIGHLY EFFICIENT RG FLOW IN AN
ULTRAVIOLET EXPANSION
In the previous section, we have argued that full diffeomorphism invariance of the dual classical
gravity equations is a necessary condition for them be rewritten into a highly efficient RG flow.
Particularly the effective metric gµν(Λ) in (7), which is a functional of the effective single trace
operator tµν(Λ) in a fixed background, must lead to a bulk metric (9) that satisfies the equations of a
full-diffeomorphism invariant pure gravity theory. In this section, we will show that diffeomorphism
invariance of the classical gravity theory is also a sufficient condition for it to be mapped to a highly
efficient RG flow. In subsection IIIA, we will show how one can map variables in gravity to those
of a highly efficient RG flow. In subsection IIIB, we will show how we can construct the highly
efficient RG flow equations explicitly and recover the dual gravity theory from them.
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Although our results will be valid for any diffeomorphism invariant classical gravity theory, the
explicit calculations presented here will be for the case of Einstein’s gravity.
A. Geometric variables and the RG flow
The RG flow in a field theory in d−dimensions can be geometrically represented very efficiently
via a hypersurface foliation Σr and a congruence of curves Cx in a (d+1)−dimensional spacetime.
The boundary of this higher dimensional spacetime represents the UV fixed point of the field
theory. Let us foliate this spacetime by non-intersecting timelike hypersurfaces Σr, which are labeled
uniquely by the radial coordinate r (i.e. there exists a function r such that each hypersurface in
the foliation is given by r = constant, and the normal to each hypersurface is spacelike).
Let us also consider a congruence of curves Cx, such that each curve in Cx intersects each
hypersurface in Σr only once, and furthermore these curves do not intersect with each other. In
such a case, we can label each curve in Cx uniquely by a d-dimensional spacetime coordinate x
µ.
In a QFT, the local operators are also labeled by the d−dimensional spacetime coordinates xµ –
so we will call these the field-theory coordinates.
The radial coordinate r can be related to the scale Λ by requiring that it is independent of
(i) the field theory state, (ii) l, the asymptotic curvature radius of the spacetime, and (iii) the
field-theory coordinates xµ. Then simple dimensional analysis implies that r = Λ−1. The boundary
of the spacetime then corresponds to r = 0, where the UV data should be specified. We will
repeatedly use the feature of state-independence of the RG flow equation (6) while mapping the
field-theoretic variables to quantities on the gravity side. We will also repeatedly use the fact that
l, the asymptotic curvature radius, does not appear explicitly in the RG flow equation (6), as is
evident when it is written in the form (4).
The RG flow of the QFT local operators then occurs geometrically along Cx, each point in the
curve representing a specific scale Λ, corresponding to the hypersurface in the foliation Σr that
intersects at that point.
a. ADM variables: If the RG flow maps to a classical theory of gravity, then the description
of the RG flow via (Σr, Cx) gains a real significance. As stated above, there exists a natural (d +
1)−dimensional coordinate system associated with (Σr, Cx) which is given by the radial coordinate
r and the field-theory coordinates xµ. In this coordinate system, the (d+ 1)− dimensional metric
assumes the general ADM form [14]:
ds2 = α2(r, x)dr2 + γµν(r, x) (dx
µ + βµ(x, r)dr) (dxν + βν(r, x)dr) . (15)
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It can be shown that γµν(r, x) is the induced metric on the hypersurface Σr and constitutes the
dynamical variable in general relativity. The other variables α(r, x) and βµ(r, x) are non-dynamical,
since their radial derivatives do not appear in the equations of gravity, and we call them the pseudo-
lapse function and the pseudo-shift vector, respectively (the qualifier pseudo is used to distinguish
them from the standard case when they are discussed in the context of time-evolution as opposed
to radial evolution). They play a role similar to Lagrange multipliers in enforcing a vector-like
momentum constraint and a scalar-like Hamiltonian constraint for the data on each hypersurface
Σr. Indeed, a choice of (d + 1)−dimensional coordinate system is related to a specific method of
gauge fixing of the diffeomorphism symmetry, and hence specific conditions that determine α(r, x)
and βµ(r, x).
Furthermore, as is well known, in order to describe the RG flow in a CFT, we need asympto-
tically anti-de Sitter (AdS) spacetimes corresponding to the states in the CFT. The asymptotic
isometries of the spacetime map to the conformal group SO(d, 2) of the d−dimensional CFT,
which is necessary for reproducing the conformal Ward identities of the CFT via equations of
gravity [15–17].
An example of the choice of gauge-fixing of bulk diffeomorphisms is the Fefferman-Graham
gauge, in which any (d+ 1)−dimensional asymptotically AdS spacetime metric assumes the form
(9), meaning that
α =
l
r
, βµ = 0, and γµν =
l2
r2
· gµν . (16)
The constant l is the radius of the asymptotic AdS region of the spacetime. The corresponding
coordinates and (Σr, Cx) are well defined for sufficiently small r in any asymptotically AdS spaceti-
me, meaning for sufficiently large Λ in the corresponding highly efficient RG flow. This is therefore
very suitable for studying the ultraviolet expansion of the RG flow, as we will see soon.
The momentum constraints in Einstein’s gravity associated with each hypersurface in Σr imply
that there should be an appropriate quasi-local energy-momentum tensor T µν
ql
[18] which is a
functional of α, βµ, γµν and ∂γµν/∂r and is locally conserved, i.e. it satisfies,
∇(γ)µT
µ
ν
ql = 0. (17)
In case of Einstein’s equations, this T µν
ql
is the well-known Brown-York tensor, as given by [18]
T µν
ql = −
1
8piGN
γµρ (Kρν −Kγρν) . (18)
Here, GN is the (d + 1)−dimensional Newton’s gravitational constant, while Kµν is the extrinsic
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curvature of the hypersurface defined via
Kµν = −
1
2α
(
∂γµν
∂r
−∇(γ)µβν −∇(γ)νβµ
)
, (19)
with βρ = γρµβ
µ, and K = Kµνγ
µν . As α and βµ are non-dynamical, and since they are determined
by the gauge-fixing conditions (associated with the coordinate system r, xµ and corresponding
(Σr, Cx)), T
µ
ν
ql
should be regarded as a functional of the induced metric γµν .
The existence of a quasi-local stress tensor T µν
ql
that satisfies (17) is not an exclusive property
of Einstein’s gravity. Indeed, it can be shown that such a quasi-local stress tensor exists in any pure
classical gravity theory that satisfies (d+1)−diffeomorphism invariance [19] (see also [20]) by virtue
of the fact that the classical gravity equations satisfy (d+1)−Bianchi identities. Furthermore, this
quasi-local stress tensor should be unique on-shell up to terms which are conserved identically (for
explicit constructions in some higher derivative gravity theories see [19, 20]). Indeed, if there is one
more such non-trivial quasi-local stress tensor which is conserved in an arbitrary solution and does
not differ from the standard one by terms which are trivially conserved by d−dimensional Bianchi
identities, it will automatically imply the existence of more constraints which are compatible with
the radial evolution in addition to those allowed by (d + 1)−diffeomorphism invariance. This will
be inconsistent with the count of allowed propagating degrees of freedom in the generic case.
It is intuitively obvious that in order to map classical gravity equations to a highly efficient RG
flow, we need to identify γµν with gµν and T
µ
ν
ql
with tµν at r = Λ−1. This turns out to be a bit
naive, because γµν and T
µ
ν
ql
both blow up in the UV, meaning at r = 0. This blow up indeed has
an immense physical significance, allowing us to map Weyl transformations of the field theory data
to specific diffeomorphisms in the corresponding (d+1)−dimensional spacetime geometry. We will
discuss this aspect in more detail in Section IVB and Section IVC.
b. The (dis)appearance of the parameter l: The parameter l, which is the asymptotic cur-
vature radius of the (d + 1)−dimensional spacetime, by itself has no meaning in the CFT. It is
basically the unit of measurement for mass/length/time on the gravitational side – dimensionless
quantities in these units correspond to parameters in the CFT. The asymptotic curvature radius l
is determined by the (negative) cosmological constant in the (d+ 1)−dimensional gravity.
The other parameters of the classical gravity theory are of two kinds:
• the overall factor 1/(16piGN ) which multiplies the (d+ 1)−dimensional gravity action, and
• the relative coefficients giving higher derivative corrections to Einstein’s gravity, involving the
(d+1)−dimensional Riemann tensor and its covariant derivatives – without loss of generality
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it can be assumed that these relative coefficients should take the form of numerical constant
times α′(i)
n, for a suitable n and with α′(i) being a parameter with mass dimension −2 (if the
theory of gravity is a low energy limit of a string theory, then there is only one α′, i.e. the
inverse of the string tension).
In the largeN limit, where the factorisation of expectation values of multi-trace operator applies,
the highly efficient RG flow equation, like (10) can be thought of as a classical equation that can be
mapped to classical gravity as discussed in the Introduction. Thus the factor N2 should be related
to a parameter that controls quantum corrections on the gravity side, which is 1/(16piGN ) – the
corresponding dimensionless parameter is ld−1/(16piGN ). Therefore, we expect that
N2 ≈
ld−1
16piGN
. (20)
In the case ofN = 4 SYM holography,N is the rank of the gauge group and l3/(16piG5) = N
2/(8pi2)
[1].
Furthermore, we expect that only in the strongly interacting limit, where the algebra of operators
is possibly generated by a finite number of single-trace operators, we can construct effective physics
via a first order RG flow involving a finite number of single-trace operators. Going away from
the strongly interacting limit implies that we need to either include infinitely many single-trace
operators, or include higher derivative effects in the RG flow when we integrate out single-trace
operators, whose anomalous dimensions are parametrically large as functions of the couplings, and
study the scale-evolution of the surviving single trace operators. Nevertheless, if we do systematic
perturbation theory (in inverse powers of the couplings) about the infinite strong coupling limit,
we can retain the feature that the RG flow of the finite number of single-trace operators with
small anomalous dimensions is still first order – the higher derivative effects can be removed by
substituting leading or subleading order solutions as is often done in perturbative analysis. We can
expect that this feature should be replicated when we map a highly efficient RG flow to a classical
gravity theory.
In the sector of states where we consistently have only tµν as the evolving single-trace opera-
tor, the dual description is given by pure gravity. The dual theory of gravity however describes
the evolution of the effective metric gµν(Λ), which in addition to t
µ
ν(Λ) requires another piece of
information (or rather integration constant) to be specified uniquely, namely the fixed background
metric on which the field theory lives. Therefore its evolution should be given by a two-derivative
equation. Indeed the unique diffeomorphism invariant two-derivative pure gravity theory is Ein-
stein’s gravity with a cosmological constant. Departure from the infinite strong coupling limit,
17
should induce higher derivative corrections both in the RG flow and the dual gravity theory. Ne-
vertheless, if we want to preserve the scale-evolution of the RG flow as first order, we need to also
treat the higher derivative corrections on the gravity side perturbatively too when we map the RG
flow to a dual gravity theory.
We thus expect that the dimensionless parameters α′(i)/l
2 giving corrections to Einstein’s gravity
are related to functions of the (dimensionless) coupling constants λ(i) in the CFT, whose values
are small in the strongly interacting limit. In other words, we expect that
α′(i)
l2
≈ f
(
λ(i)
)
, such that f → 0 as λ(i) →∞. (21)
We have assumed here that the CFT has a weakly coupled quasi-particle like description when all
λ(i) are small. In N = 4 SYM, there is only one coupling constant, which is the ’t Hooft coupling
λ. This is related holographically to the string tension α′ that gives higher derivative corrections
to Einstein’s gravity via [1]
α′
l2
=
√
1
λ
. (22)
We want to establish a relation between γµν and gµν , and between T
µ
ν
ql
and tµν , such that l
does not appear explicitly in the RG flow equation, but only in the dimensionless combinations
ld−1/(16piGN ) and α
′
(i)/l
2, which as discussed above are related directly to parameters in the CFT.
c. Relationship between γµν and gµν : Let us begin with establishing the relation between γµν
and gµν . In order to preserve the effective form of the Ward identity (8), it is natural to impose
∇(γ) = ∇(g), (23)
which then implies
gµν = f
(r
l
)
· γµν (24)
at r = Λ−1, if the relationship between γµν and gµν is to be state-independent, which also demands
that (23) should be valid in an arbitrary gravity solution as well. The latter also follows from (24).
The factor f(r/l) can in principle depend on the auxiliary α and βµ, but not on the state-
dependent variables which appear in the dual gravity solutions. However, depending on the choice
of gauge fixing, α and βµ, may be functions of both r and xµ. Therefore, such a dependence should
not exist.
Furthermore, requiring that the asymptotic curvature radius l does not appear explicitly in the
scale evolution of gµν , and that at Λ =∞, i.e. r = 0, gµν coincides with the background metric on
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which the field theory lives, we readily obtain that
gµν =
r2
l2
· γµν (25)
at r = Λ−1. To see that the scale evolution of gµν as obtained via the above relation does not
depend on l explicitly, we need to study the dynamics, which will be done in the next subsection.
The relation (25) also implies the traditional rule of holographic correspondence, namely that
g(b)µν = lim
r→0
r2
l2
· γµν (26)
coincides with the background metric on which the CFT lives. In the literature, g
(b)
µν is often called
the boundary metric of the (d+ 1)−dimensional spacetime.
In the Fefferman-Graham gauge, the relation (25) reduces to the identification of gµν(Λ) with
that which appears in the bulk metric (9).
Notably, the (d + 1)−dimensional spacetime corresponding to the vacuum of the CFT in flat
Minkowski space is pure AdSd+1. In the Fefferman-Graham gauge, gµν = ηµν for all values of r in
pure AdSd+1. This implies that gµν remains ηµν at all scales in the RG flow. This is expected –
since 〈tµν
∞
〉 vanishes in the vacuum, so should 〈tµν(Λ)〉 and gµν(Λ).
d. Relationship between T µν
ql
and tµν : The next step is to establish the relation between T
µ
ν
ql
on the gravity side with tµν of the highly efficient RG flow at r = Λ−1. Once again, in order to
preserve the effective Ward identity (8) at all scales, it is natural to postulate that the relationship
between T µν
ql
and tµν should be of the form
tµν = h
(r
l
)
·
(
T µν
ql + T µν
ct
)
, (27)
where T µν
ct
denotes general counterterms which are conserved identically, meaning that they satisfy
∇(γ)µT
µ
ν
ct
= 0 when considered individually, via d−dimensional Bianchi identities. The latter thus
assumes the general form:
T µν
ct = −
1
8piGN
[
C(0)
(
r
l
,
α′(i)
l2
)
·
1
l
· δµν + C(2)
(
r
l
,
α′(i)
l2
)
· l ·
(
Rµν [γ]−
1
2
R[γ]δµν
)
+ · · ·
]
.(28)
We note that each term in T µν
ct
above, namely the one proportional to δµν and the one proportional
to the Einstein tensor constructed out of γµν , are the unique terms up to two derivatives, which
are conserved identically. In order to be conserved identically (in other words to be conserved even
off-shell), we require the terms in T µν
ct
to be functionals of γµν only, up to proportionality factors
that are functions of r only (i.e. independent of xµ). Therefore, these terms cannot depend on the
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auxiliary ADM variables, namely α and βµ. Up to any given order in derivatives, there are only a
finite number of such terms, and there is a well-known procedure to construct them [21].
This argument for construction of counterterms does not rely on any choice of boundary con-
dition in gravity at the cut-off scale (hypersurface) as in the case of traditional holographic renor-
malisation [15–17, 22–24] (which assumes the Dirichlet boundary condition at any cut-off scale).
The basic feature that only terms which are conserved identically can appear in the counterterms
is simply a consequence of the fact that T µν
ql
is the only non-trivial tensor which is conserved via
classical gravity equations of motion in all solutions of gravity. However, T µν
ql
is not conserved
identically, implying that it is the only non-trivial tensor that is conserved only on-shell in an
arbitrary solution. Thus assuming that the relationship between T µν
ql
and tµν is independent of
the state in the CFT, no tensor other than T µν
ql
which is not conserved identically can appear in
(27). Therefore, the countertems in T µν
ct
have to be conserved identically.
We can determine the r/l dependence in the various coefficient functions h(r/l) or C(i)(r/l, α
′
(i)/l
2)
in (27) and (28) by requiring that tµν does not depend on l explicitly. This implies that
h
(r
l
)
=
(
l
r
)d
, C(i)
(
r
l
,
α′(i)
l2
)
= C(i)
(
α′(i)
l2
)
and thus independent of
r
l
. (29)
A finite number of these constants C(i)(α
′
(i)/l
2) can be determined by requiring that tµν(Λ =∞) =
〈tµν
∞〉 is finite [15–17, 23, 24]. As discussed before and as will be shown explicitly in the second
part of our work [8] based on the results of [9], these counterterms can also be fixed by the infrared
criterion that the endpoint of the RG flow should be transformed to a non-relativistic fixed point
with a finite number of parameters under the rescaling (34).
Since the form of tµν as given by (27) and (28) is gauge-independent, we can check whether
the explicit form satisfies all the criteria discussed above in Fefferman-Graham gauge for the sake
of convenience. In the Section IVA, we will then see explicitly that the above features are also
preserved under infinitesimal gauge transformations. Let us examine the case of Einstein’s equations
first. Here, the counterterm coefficients C(i) should be just pure universal numbers (independent
of the underlying CFT, which is infinitely strongly interacting).
In the Fefferman-Graham gauge (16), we obtain
Kµν =
l
r
(
gµν
r
−
1
2
∂gµν
∂r
)
. (30)
Let us also define zµν as
zµν = g
µρ ·
∂gρν
∂r
. (31)
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We observe that (25) implies
Rµνρσ[γ] = R
µ
νρσ[g].
Using the above observation, we can show that (18), (27), (28), (29) and (30) imply that in the
case of Einstein’s gravity
tµν =
ld−1
16piGN
[
1
rd−1
·
(
zµν − (Tr z) δ
µ
ν
)
+ 2 ·
1
rd
·
(
d− 1− C(0)
)
· δµν −
−2 ·
1
rd−2
· C(2) ·
(
Rµν [g]−
1
2
R[g]δµν
)
+ · · ·
]
, (32)
at r = Λ−1. As mentioned earlier (and as we will also prove in the next subsection), gµν does not
depend on l explicitly (or even implicitly in the case of Einstein’s gravity). Then it follows from the
above that tµν indeed depends on l only through the dimensionless combination ld−1/(16piGN ) in
Einstein’s gravity, as claimed. Furthermore, the terms not shown, are subleading in the ultraviolet
expansion in Λ−1, in which it can be systematically expanded, as we will see in the next subsection.
We will demonstrate additionally that (29) remains applicable for higher derivative gravity also,
but in this case, C(i) will also depend on the parameters α
′
(i)/l
2.
In order for tµν to be finite at Λ =∞, we need [15–17]
C(0) = d− 1, C(2) = −
1
d− 2
, etc. (33)
for d > 2 in Einstein’s gravity. These coefficients can be readily determined by substituting the
on-shell ultraviolet expansion of gµν (which is also known as the Fefferman-Graham expansion [25]
in gravity) into (32), as will be presented in the next subsection. Since tµν has only a finite number
of Λn (or equivalently r−n) UV divergences, only a finite number of counterterm coefficients C(i)
can be determined from ultraviolet finiteness.
There is however one ambiguity still remaining – namely that of the choice of overall normali-
sation by a numerical constant in (27) which maps the gravity variables to the tµν of the RG flow.
This can be readily fixed by studying the two-point correlation function for instance, which can be
reproduced by our constructive field theory approach as will be discussed in [8]. We will make a
simple convenient choice of the normalisation soon.
Once this normalisation is fixed, the crucial result is that our infrared criterion for the end point
of the RG flow establishes a unique map between variables of a (d+ 1)−diffeomorphism invariant
pure gravity theory and the tµν(Λ) in a d−dimensional highly efficient RG flow. This assertion
will be fully established with explicit examples in [8]. Furthermore, we will also establish that the
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infrared criterion also determines the UV data, which is otherwise obtained via absence of naked
singularities in the solutions of gravity in the traditional holographic correspondence.
It is indeed gratifying that we need not study the UV behaviour in order to establish this map
between gravity and the RG flow, or to determine the UV data. Since the RG flow is first order, the
infrared criterion should suffice to see how the theory of gravity can be mapped to the effective dual
field theory observables. In particular, this implies that our procedure can be implemented even
when the theory of gravity does not lead to well defined asymptotic behaviour as in asymptotically
AdS spacetimes. In this case, we need to implement a UV cut-off and still the map between gravity
and the RG flow, and the UV data at the cut-off can be fully determined in a unique way by
the infrared criterion. This observation will be utilised in [8] to propose new non-perturbative
frameworks for theories like QCD, via a proposal for matching perturbative Wilsonian RG flow in
the UV with our highly efficient RG flow reconstruction of IR physics, as concrete applications of
our approach for reformulation of holography.
e. Effect of the conformal anomaly: It is convenient to rescale tµν by the factor (16piGN )/l
d−1,
i.e. to perform the replacement
tµν →
16piGN
ld−1
tµν . (34)
This amounts to rescaling by a factor of ∝ 1/N2, and this rescaled tµν is finite in the large N limit.
In N = 4 SYM holography, this rescaling factor is precisely 8pi2/N2.
The conformal anomaly does not contribute to Tr t∞ in flat Minkowski space background, but
not surprisingly it has an effect on the RG flow. In order to see this, let us assume minimali-
stic counter-terms required to cancel UV divergences only. Of course, this may not necessarily be
justified, since other non-minimalistic marginal counter-terms (proportional to R2 in d = 4 and
multiplied by a constant instead of log r) may be required to satisfy our infrared criterion. Howe-
ver, one way to see whether our assumption is indeed valid will be to go to fourth order in the
hydrodynamic derivative expansion and repeat the calculations in [9] to see for which values of
the non-minimalistic marginal counterterm coefficients the end point of the RG flow can be trans-
formed to the incompressible non-relativistic Navier-Stokes fixed point under the rescaling (34).
This is beyond the scope of this paper. Therefore we will simply proceed with the assumption that
the non-minimalist marginal counterterms vanish – of course explicit calculations in the future can
easily correct the resulting equations (this ambiguity will not affect the results in [8], the second
part of our work because we will restrict ourselves to second order in the hydrodynamic derivative
expansion).
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In this case, in d = 4 and when the RG flow maps to Einstein’s gravity, we can write [24] [26]
tµν = t
µ
ν
bare + tµν
ct(1) + tµν
ct(2) + tµν
ct(a)
+terms that will contribute to RG flow eq. at O(Λ−7 log Λ), (35)
where
tµν
bare = −2
l
r4
γµρ (Kρν −Kγρν) , (36)
tµν
ct(1) = −6
1
r4
δµν , (37)
tµν
ct(2) =
l2
r4
(
Rµν [γ]−
1
2
R[γ]δµν
)
, (38)
tµν
ct(a) = −
l4
r4
log r
(
1
8
Rµανβ[γ]R
αβ [γ]−
1
48
∇µ∇νR[γ] +
1
16
∇2Rµν [γ]−
1
24
R[γ]Rµν [γ] +
+
(
1
96
R2[γ]−
1
32
Rαβ[γ]R
αβ [γ]−
1
96
∇2R[γ]
)
δµν
)
. (39)
In Fefferman-Graham gauge the above reads
tµν =
1
r3
·
(
zµν − (Tr z) δ
µ
ν
)
+
1
r2
(
Rµν [g] −
1
2
R[g]δµν
)
+
− log r
(
1
8
Rµανβ[g]R
αβ [g] −
1
48
∇µ∇νR[g] +
1
16
∇2Rµν [g] −
1
24
R[g]Rµν [g] +
+
(
1
96
R2[g] −
1
32
Rαβ [g]R
αβ [g]−
1
96
∇2R[g]
)
δµν
)
+ · · · . (40)
The log counterterm tµν
ct(a)
is completely fixed by the conformal anomaly, in particular the central
charges.
As we will see soon, only one possible non-minimalist counter-term, namely ∇2Rµν without the
log r pre-factor, can affect the highly efficient RG flow equation (10) up to O(1/Λ7 log Λ).
B. The highly efficient RG flow from gravity equations and vice versa
f. Mapping in the UV expansion: Assuming that gµν(Λ) depends only on t
µ
ν(Λ) and Λ expli-
citly one can do an UV expansion, which is valid when 〈tµν(Λ)〉/Λd ≪ 1. These conditions should
be valid for any state in the CFT for sufficiently large Λ, meaning for Λ≫ ΛIR, with ΛIR being a
suitable (state-dependent) infrared scale.
It is actually convenient to first write this expansion in terms of tµν
∞
, because then it matches
with the well-known asymptotic Fefferman-Graham expansion [25] of gµν in the (d+1)−dimensional
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metric (9). Since in the case of a flat Minkowksi background metric tµν
∞
satisfies ∂µt
µ
ν
∞
= 0, and
since moreover Tr t∞ = 0 in a CFT, the most general expansion takes the form:
gµν = ηµν + c4
(α(i)
l2
)
·
1
Λ4
· ηµαt
α
ν
∞ + c6
(α(i)
l2
)
·
1
Λ6
· ηµαt
α
ν
∞ +
+
1
Λ8
·
(
c8a
(α(i)
l2
)
· ηµαt
α
ρ
∞tρν
∞ + c8b
(α(i)
l2
)
· ηµν · t
α
β
∞tβα
∞
+
+c8c
(α(i)
l2
)
· ηµα
2tαν
∞
)
+
+O
(
1
Λ10
)
, (41)
in d = 4. We have assumed that the conformal anomaly does not introduce any log term, which
will be vindicated by mapping the RG flow to the classical gravity equation. A similar expansion
in d = 4 for tµν(Λ) reads
tµν = t
µ
ν
∞ + b2
(α(i)
l2
)
·
1
Λ2
·tµν
∞ +
+
1
Λ4
·
(
b4a
(α(i)
l2
)
· tµρ
∞tρν
∞ + b4b
(α(i)
l2
)
· δµν · t
α
β
∞tβα
∞
+
+b4c
(α(i)
l2
)
·2tµν
∞
)
+
+
1
Λ4
log Λ · b˜4c
(α(i)
l2
)
·2tµν
∞ +O
(
1
Λ6
log Λ
)
. (42)
Above we have assumed that the conformal anomaly restricts the coefficient of (1/Λ4) log Λ term
to be proportional to 2tµν
∞
only, disregarding other possible contributions which have the same
dimensions. This assumption will be vindicated once again by mapping to classical gravity.
The coefficients of these expansions are functions of α′(i)/l
2, which as noted in the previous
subsection are in turn functions of the coupling constants λ(i) of the CFT. In the infinitely strongly
interacting limit, when the gravitational dynamics is given by Einstein’s equation with a negative
cosmological constant, these coefficients are pure universal numbers.
Let us first study the case when the highly efficient RG flow maps to Einstein’s equation with
a negative cosmological constant. It is convenient to start from gravity equations first and then
derive the corresponding highly efficient RG flow, and then perform the inverse mapping.
As mentioned before, the asymptotic radius l is related to the (d+1)−dimensional cosmological
constant Λcc, and in Einstein’s gravity
Λcc = −
d(d− 1)
2l2
. (43)
With this convention (d + 1)−dimensional Einstein’s equation for gµν in the Fefferman-Graham
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metric (9) reduces to (see [24] for example):
∂
∂r
zµν −
d− 1
r
zµν +Tr z
(
1
2
zµν −
1
r
δµν
)
= 2 Rµν , (44)
∇µ
(
zµν − (Tr z)δ
µ
ν
)
= 0, (45)
∂
∂r
Tr z −
1
r
Tr z +
1
2
Tr z2 = 0, (46)
where zµν is as defined in (31). Crucially as claimed before, the asymptotic curvature radius l
does not appear in these equations which determine the radial evolution of gµν . Thus gµν does not
depend on l as claimed in the previous subsection.
The vector equation (45) is the momentum constraint, and it is easy to see from (32) that it
implies the conservation of tµν . The scalar equation (46) asymptotically implies Tr t∞ = 0 when
the boundary metric is flat Minkowski space. Of course, both these equations are constraints –
once they are satisfied at any hypersurface r = constant, the dynamical radial evolution given by
(44) preserves them for all values of r.
Substituting the Anstaz (41) in (44), and replacing Λ by r−1, we can determine all the coefficients
in the UV expansion. We obtain [27]
c4 =
1
4
, c6 = −
1
48
, c8a =
1
32
, c8b = −
1
384
, c8c =
1
1536
, etc. (47)
in d = 4. Conveniently all coefficients except c8b can be determined in d = 4 from the tensor
equation (44) alone. To determine c8b, we need to use the scalar constraint (46) too. Indeed, from
this point of view an appropriate linear combination of the tensor equation and the scalar equation
times δµν can be regarded as the radial dynamical equation [27], which can determine all the
coefficients in the UV expansion (41), including c8b.
It is clear from (41) that schematically
R ≈
1
Λ4
·t+O
(
1
Λ6
)
, ∇2R ≈
1
Λ4
·2t+O
(
1
Λ6
)
,
R2 ≈
1
Λ8
· (t)2 +O
(
1
Λ10
)
etc. (48)
when the boundary metric is flat Minkowski space. Therefore it is clear that only a finite number
of geometric counter-terms in tµν , as defined by (32), can contribute up to a fixed order in Λ−n
in the UV expansion. In order to determine all terms in (42) up to order Λ−6 log Λ, the three
counterterms (namely the one proportional to δµν , the one proportional to the Einstein tensor
and the log counterterm) are sufficient, except only for the coefficient b4c, which can be affected
by a non-minimalist ∇2R type of counterterm that may appear without the log r pre-factor. For
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the purposes of illustration of the mapping between highly efficient RG flow and classical gravity
equations, we will not consider such a possible counterterm here, although our infrared criterion
may demand such a counterterm to exist with a precise coefficient, as discussed in the previous
subsection. The log counterterm determines the coefficient b˜4c.
Substituting the Anstaz for the UV expansions (41) and (42) in the defining relation for tµν
given by (40), replacing Λ by 1/r and the coefficients of the UV expansion of gµν in (41) with
already determined values as in (47), we can determine the coefficients of the UV expansion of tµν
in (42). We obtain
b2 = −
1
4
, b4a = 0, b4b =
1
16
, b4c =
1
64
, b˜4c = −
1
128
, etc. (49)
in d = 4. The relation between tµν and t
µ
ν
∞
can be inverted with the coefficients as above. This
inverted relation ireads:
tµν
∞ = tµν +
1
Λ2
·
1
4
·tµν +
1
Λ4
·
(
−
1
16
· δµν · t
α
βt
β
α +
3
64
·2tµν
)
+
1
Λ4
log Λ
(
1
128

2tµν
)
+O
(
1
Λ6
log Λ
)
. (50)
Finally using the above and the original UV expansion (42) with the known values of coefficients
as in (49) again, we obtain the highly efficient RG flow equation (10).
When the inverted UV expansion (50) is substituted in (41) with the known values of coefficients
as in (47), the UV expansion of gµν given by (11) as a functional of t
µ
ν instead of t
µ
ν
∞
is obtained.
We thus derive the highly efficient RG flow equation (10) and the associated gµν as in (11) from
the classical gravity equations. This completes the task of deriving the highly efficient RG flow
equations (10) and the associated effective metric (11) from Einstein’s gravity.
The obvious question is whether we can do the reverse, meaning starting from the highly efficient
RG flow (10), can we go back to the classical gravity equations?
Firstly the highly efficient RG flow equation (10) can be readily solved in the UV expansion
and the result is (42) with coefficients as in (49). Of course, (10) is a first order equation, so the
only integration constant needed is tµν at Λ =∞, which is t
µ
ν
∞
.
The RG flow equation (10) is constructed in flat Minkowski space, its solution in the UV
expansion is given by (42) with coefficients as in (49). The question is whether there is a unique
gµν at each Λ so that ∇(Λ)µt
µ
ν = 0 is satisfied for all Λ, and also such that gµν takes a state-
independent form (meaning that it is a functional of tµν and Λ only in flat Minkowski space
background).
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We have already shown that if a RG flow is indeed highly efficient, the associated gµν must
lead to a bulk metric that satisfies classical gravity equations in one higher dimension with full
diffeomorphism invariance. Furthermore, the infrared criterion ensures that the map between a
highly efficient RG flow and the dual classical gravity theory is unique. Therefore, it is guaranteed
that there is a unique gµν – when the highly efficient RG flow is given by (10), and it is given by
(11) as it the RG flow maps to Einstein’s gravity.
Practically, one can obtain gµν(Λ) from the highly efficient RG flow (10) as follows. We simply
exploit the known unique map between highly efficient RG flow and Einstein’s gravity. Substituting
the Ansatz for the UV expansion of gµν as given by (41) into the defining relation for t
µ
ν given
by (32), and using the known coefficients (49) in the UV expansion (42) of the tµν which solves
the RG flow equation (10), we can solve the unknown coefficients in the UV expansion for gµν .
We thus obtain (47). It is the same solution for gµν that can be directly obtained from Einstein’s
equations. However, here instead of using Einstein’s equations we have used the defining relation
of tµν given by (32) to construct gµν out of t
µ
ν . Once again, this is a first order equation and the
integration constant is given by the requirement that at Λ = ∞, gµν should correspond to the
actual background metric of the field theory, namely ηµν .
g. Higher derivative gravity: The entire discussion can also be repeated for higher derivative
corrections to Einstein’s equations, provided these can be treated perturbatively in powers of
the inverse CFT coupling constants as in λ−n(i) , with n > 0, signalling systematic departure from
infinitely strongly interacting limit. We recall these coupling constants λ(i) map to the relative
coefficients of the higher derivative corrections (to Einstein’s equations) multiplied by appropriate
powers of l, which are specified by the dimensionless parameters α′(i)/l
2. Thus at a fixed order in
λ−n(i) , we need to take into account only a finite number of higher derivative corrections in gravity.
These higher derivative corrections should be such that the UV expansions (41) and (42) of gµν
and tµν respectively are not modified, although their coefficients are. These corrections can then
be expanded systematically in powers of the inverse CFT coupling constants.
h. Alternative formulation: An alternative approach to construction of the invertible map
between the highly efficient RG flow and the dual classical gravity equations is to use the formu-
lation of the classical gravity equations (in the Fefferman-Graham gauge) as done in [9].
We first need to invert the relation between zµν and t
µ
ν as given by (32). After some simple
linear algebra, we get
zµν = r
d−1
(
tµν −
Tr t
d− 1
δµν
)
−
2r
d− 2
(
Rµν −
R
2(d− 1)
δµν
)
+ ... . (51)
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The inverted relation above can be readily substituted in the tensor equation (44) to obtain an
equation for the radial evolution of tµν . At first substituting (51) in (44) (for d > 2), we obtain
∂tµν
∂r
−
2r2−d
d− 2
∂Rµν
∂r
−
rd−1
2(d − 1)
(
Tr t+ r2−dR
)(
tµν −
2r2−d
d− 2
Rµν
)
+
+
1
d− 1
(
−
∂Tr t
∂r
+
r2−d
d− 2
∂R
∂r
+
Tr t
r
+
+
rd−1
2(d− 1)
(
Tr t+ r2−dR
)(
Tr t−
r2−d
d− 2
R
))
δµν + . . . = 0 . (52)
Above we have included all terms which are relevant up to third order in derivatives. Furthermore
using the identities,
∂Γµνρ
∂r
=
1
2
(
∇νz
µ
ρ +∇ρz
µ
ν −∇
µzνρ
)
, (53)
∂Rµνρσ
∂r
=
1
2
(
∇ρ∇νz
µ
σ −∇σ∇νz
µ
ρ −∇ρ∇
µzνσ +∇σ∇
µzνρ
)
+
1
2
(
Rµκρσz
κ
ν −R
κ
νρσz
µ
κ
)
, etc., (54)
and iteratively substituting zµν in terms of t
µ
ν using (51), we obtain the second equation of the
Hamilton-Jacobi like form as schematically given by:
∂tµν
∂r
= Kµν [t
µ
ν ,∇t
µ
ν , R
µ
νρσ,∇R
µ
νρσ]. (55)
Crucially terms on the right hand side above has no radial derivative, and thus the above equation
is a first order equation.
Obviously, this equation for the radial evolution of tµν is not a highly efficient RG flow unless
we can eliminate gµν . Indeed one can substitute the Anstaz for the UV expansions of gµν and t
µ
ν
given by (41) and (42) respectively in (51) and (52), to solve for all the unknown coefficients as
well. The equation (52) then reduces to the flat space highly efficient RG flow (10) in the UV
expansion, where gµν has disappeared.
The above formulation is not only useful to understand how the highly efficient RG flow looks
like when it maps to classical gravity equations in other gauges and to see its symmetries (we will
need to use it in Appendices A and D to derive the action of (d + 1)−diffeomorphisms on the
Fefferman-Graham RG flow), but it is also useful if we want to find the highly efficient RG flow
summed over all orders in Λ−1, but up to fixed order in derivatives. The procedure for doing this
in the hydrodynamic limit has been found in [9], where gµν was eliminated to find the RG flow
equation to all orders in Λ−1, up to fixed order in derivatives. This is crucial for fixing the right
infrared end point order by order in derivatives in the hydrodynamic derivative expansion. We will
complete this task in our forthcoming publication [8].
28
IV. BULK DIFFEOMORPHISMS AND THE LIFTED WEYL SYMMETRY OF THE
RG FLOW
A. The action of bulk diffeomorphisms on the Fefferman-Graham RG flow
When the highly efficient RG flow maps to classical gravity equations, bulk diffeomorphisms are
the most general transformations which preserve the form of the Ward identity for local conservation
of energy and momentum (8) in an appropriately redefined background. Here we study the action
of general infinitesimal bulk diffeomorphisms which take the RG flow away from the Fefferman-
Graham gauge in the corresponding gravity equations.
The (d + 1)−dimensional metric itself does not appear in the RG flow equation as in (10).
Nevertheless, when the highly efficient RG flow maps to classical gravity equations, there is a
unique relation between ADM variables parametrising the (d + 1)−dimensional metric and tµν ,
at any arbitrary scale (identified with the inverse radial coordinate), and for any arbitrary gauge
choice on the gravity side. In case of Einstein’s gravity, this relation is given via (18), (19), (27),
(28) and (29), along with the infrared criterion which determines all gravitational counterterm
coefficients. Thus the change of ADM variables under (d + 1)−diffeomorphisms induce a unique
transformation for tµν at any arbitrary scale.
As mentioned before, at least in the Fefferman-Graham gauge one can invert the map and obtain
the ADM variables of the (d + 1)−dimensional bulk metric from tµν . The inversion is possible in
any other gauge also if we can decode the gauge fixing of diffeomorphisms in the corresponding
gravity equations from the structural property of the RG flow – we will return to this issue in the
next subsection.
Under an arbitrary infinitesimal bulk diffeomorphism transformation:
r = r˜ + ρ(r˜, x˜), xµ = x˜µ + χµ(r˜, x˜) (56)
about the Fefferman-Graham gauge, the transformed ADM variables take the form:
α˜ =
l
r˜
(
1−
ρ
r˜
+
∂ρ
∂r˜
)
,
β˜µ =
∂χµ
∂r˜
+ gµν
∂ρ
∂x˜ν
,
γ˜µν =
l2
r˜2
(
gµν + ρ
∂gµν
∂r˜
− 2
ρ
r˜
gµν + Lχgµν
)
. (57)
Note, for the sake for brevity from now on, we will avoid explicitly writing that the variables on
both sides of the equations relating old and new variables after diffeomorphisms are functions of
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the new coordinates r˜ and x˜ as above. In fact, transforming to new variables while comparing
both the new and old variables at the new coordinate point, forms the core of the definition of the
diffeomorphism transformation.
Note the equivalent form of (56) is:
Λ = Λ˜ + ρΛ(Λ˜, x˜), x
µ = x˜µ + χµ(r˜ = Λ˜−1, x˜) (58)
with ρΛ = −Λ˜
2ρ.
The relation between γµν and the effective metric gµν of the highly efficient RG flow is unique
as discussed before and is given by (25). This relation along with (57) readily implies that
g˜µν = gµν − ρ Λ˜
2 ∂gµν
∂Λ˜
− 2 ρ Λ˜ gµν + Lχgµν , (59)
after r˜ is identified with Λ˜−1. The above form is remarkably simple. - the transformation of the
effective metric is just a combination of (i) a translation in scale by−ρ Λ˜2, (ii) a Weyl transformation
by ρ Λ˜, and (iii) a d−dimensional diffeomorphism by χµ, at any arbitrary scale. Note that this
simple form arises if we perform an infinitesimal bulk diffeomorphism transformation only about
the Fefferman-Graham gauge and not about any arbitrary gauge.
A crucial remark is that the transformation (59) of the effective metric gµν under bulk diffeo-
morphisms is true for any arbitrary classical theory of gravity corresponding to the highly efficient
RG flow as this arises purely from the kinematics of the transformation (57) of the ADM va-
riables. Furthermore, as the transformation (57) of ADM variables also uniquely determines the
transformation of tµν , the latter has a hidden universal structure as well, although it depends on
the relation of tµν to the ADM variables in the specific classical gravity theory corresponding to the
RG flow also.
We do not want the diffeomorphism to change boundary data. In particular, it should leave the
boundary metric invariant. Therefore, ρ should have an asymptotic expansion of the form
ρ = r2ρ(2) + r
3ρ(3) + · · · . (60)
Similarly, requiring that β vanishes asymptotically implies the following asymptotic expansion of
χµ:
χµ = r2χµ(2) + · · · . (61)
Let us now obtain the transformation of tµν when the RG flow maps to Einstein’s gravity.
Firstly, using the defining relation (19) for the extrinsic curvature and (57), we can obtain its
30
transformation which takes the form
K˜µν = Kµν + ρ
∂Kµν
∂r˜
+ LχKµν +
l
r˜
∇µ∇νρ, (62)
where ∇µ is the covariant derivative constructed from the effective scale-dependent metric gµν . For
intermediate steps in the derivation of the above, please see Appendix A.
The transformation of tµν has to be found in an expansion, either in the UV expansion in Λ−1
or in the derivative expansion (the latter is an expansion in derivatives of field-theory coordinates
only of course). Let us use the derivative expansion for the purpose of illustration. Assuming that ρ
and χµ start at zeroth order in derivatives, the Einstein tensor counter-term in tµν does contribute
to the transformation under bulk diffeomorphisms up to this order, but higher order counterterms
do not. The result as readily obtained from (57) and (62) for infinitesimal diffeomorphisms about
Fefferman-Graham gauge in d > 2 reads:
t˜µν = t
µ
ν + ρ
∂
∂r˜
tµν + d
ρ
r˜
tµν + Lχt
µ
ν +
+
r˜
d− 2
(
∇µtαν∇αρ+∇νt
µ
α∇
αρ+ tµα∇ν∇
αρ+ tαν∇
µ∇αρ−
−2∇αtµν∇αρ− t
µ
ν∇
2ρ− δµνt
α
β∇α∇
βρ
)
+O(∇3). (63)
It is to be understood that ∇ is the covariant derivative formed from g expressed as a function
of the new coordinates. Above all indices have been lowered and raised with the inverse scale-
dependent effective metric g and its inverse, respectively. The derivation of the above is presented
in Appendix A. As g explicitly appears in the transformation of t, from the point of view of the RG
flow equation, we must re-express g in terms of t as in (11) and substitute it in the above equation,
to obtain the transformation of t in terms of t alone. This however in the general case can only be
done in an UV expansion, meaning in a power series expansion in r. Furthermore, we also need
to substitute the explicit form of ∂t/∂r as in (10), which we also know in the UV expansion in
the general case only. In the subsequent publication [8], we will be able to give an explicit form
summing over all orders in rn in the hydrodynamic limit.
Nevertheless we can construct a double expansion in r and derivatives. We can readily substitute
31
(10) and (11) in (63), and after replacing r˜ by Λ˜−1 we obtain
t˜µν = t
µ
ν +
(
−
1
Λ˜3
ρ(2) ·
1
2
·tµν + d
(
1
Λ˜
ρ(2) +
1
Λ˜2
ρ(3) +
1
Λ˜3
ρ(4)
)
tµν
+
1
Λ˜2
Lχ(2)t
µ
ν +
1
Λ˜3
Lχ(3)t
µ
ν +
+
1
(d− 2)Λ˜3
(
ηµβ ∂βt
α
ν ∂αρ(2) + ∂νt
µ
α ∂βρ(2) η
αβ + tµα ∂ν∂βρ(2) η
αβ + tαν ∂β∂αρ(2) η
βµ −
−2 ∂αt
µ
ν ∂βρ(2) η
αβ − tµν ∂α∂βρ(2) η
αβ − δµν t
α
β ∂α∂γρ(2) η
βγ
)
+
+O
(
1
Λ˜4
))
+O
(
∂3
)
, (64)
when the field theory lives in flat Minkowski space. Here ∂µ is a short form of ∂/∂x˜
µ, i.e. the
ordinary partial derivative with respect to the new coordinate.
Remarkably, if we look for terms up to first order in derivatives only, we see the same pattern as
in case of the transformation of gµν as in Eq. (59) – namely it is a combination of (i) a translation
in scale by −ρ Λ˜2, (ii) a Weyl transformation by ρ Λ˜, and (iii) a d−dimensional diffeomorphism
by χµ, at any arbitrary scale. This simple intuitive form up to first order in derivatives holds for
infinitesimal diffeomorphism transformations about Fefferman-Graham gauge only.
In order to find the new RG flow equation, we need to apply (58) with the transformation (63)
for tµν to the Fefferman-Graham RG flow equation, namely (10). It is clear then that the new RG
flow equation, corresponding to the new gauge, depends on ρ and χµ explicitly.
The crucial point is that the equations that determine ρ and χµ in terms of new gauge conditions
which specify α and βµ are first order in r−derivative as evident from (57). Therefore, requiring
that they do not change the boundary metric, meaning that they disappear in the UV keeping
the field theory background metric unchanged, determine them uniquely. Thus there exist unique
ρ and χµ which transforms the Fefferman-Graham gauge to the new gauge provided that the
transformation is trivial in the UV [28]. Therefore, if we can understand to which gauge fixing
in classical gravity the new RG flow equation corresponds to, we can simply apply the reverse
transformation and bring the new equation into Fefferman-Graham gauge where tµν and Λ only
appear explicitly. Thus we are led to the problem of understanding the link between the structural
property of the RG flow equation and the corresponding gauge fixing on the gravity side. We will
solve this problem in Section IVC.
As of now, we conclude that the new RG flow equations obtained from arbitrary bulk diffeo-
morphism transformations are also highly efficient, in the sense that they preserve the form of the
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Ward identity (8) in an appropriately redefined background metric at each scale, although they are
not state-independent explicitly. The state-dependence enters through the auxiliary non-dynamical
variables α and βµ only. With an appropriate diffeomorphism transformation discussed here, they
can be brought back to the form where they depend only on tµν and Λ explicitly. In that case, the
highly efficient RG flow corresponds to the classical gravity equations in the Fefferman-Graham
gauge.
B. The lifted Weyl symmetry
A CFT on a curved background is Weyl invariant up to the Weyl anomaly. By the holographic
duality, Weyl transformations at the boundary can be lifted to specific diffeomorphisms in the
(d + 1)−dimensional geometry. These specific diffeomorphisms actually depend on the geometry
which solves classical gravity equations and hence on the dual field theory state, however their
dependence on the (d + 1)−dimensional metric has a form which is independent of the geometry
and hence of the dual state.
These diffeomorphisms are actually the set of diffeomorphisms which preserve the asymptotic
AdS nature of the (d+ 1)−dimensional metric but yet do not vanish at the boundary, where they
manifest as pure Weyl transformations. Furthermore, these are the residual gauge symmetries of
the Fefferman-Graham gauge.
Clearly, the general transformation of ADM variables (57) away from the Fefferman-Graham
gauge may be performed in such a way that the Fefferman-Graham gauge is preserved, meaning
that α˜ remains l/r˜ and β˜µ still vanishes, provided in the diffeomorphisms (56),
ρ = r˜ δσ(x˜), χµ = −
∫ r˜
0
drˆ rˆ gµν(rˆ, x˜)
∂δσ(x˜)
∂x˜ν
. (65)
It is clear that χµ depends on the specific geometry concerned through gµν , but its dependence on
gµν takes the above state-independent form. These are specific forms of so-called Penrose-Brown-
Henneaux (PBH) transformations [29–31]. When rewritten after replacing the radial coordinate by
the inverse of the scale, the above transformations take the form:
ρΛ = −Λ˜ δσ(x˜), χ
µ = −
∫ ∞
Λ˜
dΛˆ
1
Λˆ3
gµν(Λˆ, x˜)
∂δσ(x˜)
∂x˜ν
, (66)
The transformations depend on one parameter only, namely δσ(x) which is a function of the
field theory coordinates, and is nothing but the Weyl transformation parameter in the UV.
It is also to be noted that although these transformations preserve the Fefferman-Graham gauge,
they are not isometries in a generic geometry. Indeed, the effective metric gµν still transforms non-
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trivially according to (59). It is also easy to see explicitly from here that at the boundary, meaning
at Λ = ∞, the transformation reduces to a Weyl rescaling of the background metric by δσ. In
particular, if the boundary metric is conformally flat, i.e. gµν(r = 0) = ηµνe
2σ(x), the new boundary
metric is also conformally flat but, with σ is replaced by σ+ δσ. In this case, the asymptotic forms
of ρ, χµ are
ρ =
1
Λ˜
δσ, χµ = −
1
2Λ˜2
e−2σηµν
∂
∂x˜ν
δσ +O
(
1
Λ˜3
)
. (67)
The asymptotic form of the transformation of gµν according to (59) is then
g˜µν = gµν − 2 δσ gµν + 2
1
Λ˜2
δσ g(2)µν −
1
2Λ˜2
Le−2σηαβ ∂βδσ (ηµνe
2σ) +O
(
1
Λ˜3
)
. (68)
It is clear that the leading term in the transformation above is a Weyl transformation by δσ as
claimed before. It is worth recalling that all variables on both sides of the above equation are
functions of Λ˜, the new scale, and of x˜, the new field theory coordinates. Moreover, ∂β stands for
∂/∂x˜β , the partial derivative with respect to the new coordinate. In the above formula, g(2)µν ,
which appears in one of the the sub-leading terms in the asymptotic expansion of gµν (and arises
from (∂/∂Λ)g), can be obtained directly from Einstein’s equations. As derived in Appendix C, its
explicit form reads
g(2)µν = −(∂µσ)(∂νσ) + ∂µ∂νσ +
1
2
ηµνη
αβ(∂ασ)(∂βσ). (69)
Thus it a functional of the background metric.
Let us demonstrate that these transformations (66) along with the transformation of tµν given
by (63) are a symmetry of the highly efficient RG flow equation corresponding to the Fefferman-
Graham gauge (note that the effective metric g never enters this equation so its transformation is
irrelevant for the symmetry). In order to recognise the symmetry, we need to generalise the RG
flow equation (10) from the flat Minkowski space background to a (non-dynamical) conformally
flat space background ηµνe
2σ(x). We will call this the lifted Weyl symmetry.
The derivation of the highly efficient RG flow in the background of conformally flat space ηµνe
2σ
which maps to Einstein’s gravity equations can be obtained following the methodology of Section
IIIB. However, the calculations are highly involved and can be simplified with the help of some
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tricks and useful identities. The derivation is presented in Appendix C. The result in d = 4 reads:
∂
∂Λ
tµν(Λ) = −
1
Λ3
(
2tµ(2)ν
∗
+
+
1
2
(
− e−2σηαβ ∇(σ)α ∇
(σ)
β
(
tµν(Λ)− t
µ
(0)ν
∗
)
+
+4
(
tµβ(Λ)− t
µ
(0)β
∗
)
e−2σηβγ g(2)γν +
+6 δµν
(
tγβ(Λ) − t
γ
(0)β
∗
)
e−2σηβδ g(2)γδ
)
+
+tµ(2a)ν
)
+ 2
1
Λ3
log Λ tµ(2a)ν +O
(
1
Λ5
log Λ
)
. (70)
Here, ∇(σ) denotes the covariant derivative constructed from the background metric ηµνe
2σ . The
variables tµ(0)ν
∗
, tµ(2)ν
∗
and tµ(2a)ν
∗
are independent of Λ and functionals of the background metric
ηµνe
2σ, just like g(2)µν (which is given by (69)), and they vanish when σ goes to zero, i.e. when
the background metric reduces to flat Minkowski space. These functions are given explicitly in
Appendix C. In that case (70) reduces to the flat Minkowski space highly efficient RG flow equation
(10) as evident from the leading term. The background dependent term at order (1/Λ3) log Λ
appearing in (70) is completely determined by the conformal anomaly.
The transformation (65) preserves the Fefferman-Graham gauge and also the form of the boun-
dary metric ηµνe
2σ , although replacing σ by σ+δσ. Since the Fefferman-Graham gauge is preserved,
the relation between t and g given by (40) also remains invariant under the transformation. This
then readily implies that the resultant highly efficient RG flow equation (70) should remain the
same after the transformation, but with σ replaced by σ+δσ. Therefore (65) should be a symmetry
of the transformation, provided we use (40) to find the transformation of tµν from the transforma-
tion of gµν , the latter being given by (59) and (65). This transformation of t
µ
ν reads (please refer
to Appendix D for more details):
t˜µν = t
µ
ν +
(
1
Λ˜2
e−2σ δσ
1
2
(
− ηαβ ∇(σ)α ∇
(σ)
β t
µ
ν + 4t
µ
β η
βγ g(2)γν + 6δ
µ
ν t
γ
β η
βδ g(2)γδ
)
+4 δσ tµν −
1
2
1
Λ˜2
Le−2σηαβ∂βδσ t
µ
ν +
+
e−2σ
2Λ˜2
(
ηµβ∂βt
α
ν ∂αδσ + ∂νt
µ
α ∂βδσ η
αβ + tµα ∂ν∂βδσ η
αβ + tαν ∂β∂αδσ η
βµ −
−2∂αt
µ
ν ∂βδσ η
αβ − tµν ∂α∂βδσ η
αβ − δµνt
α
β ∂α∂γδσ η
βγ
)
+
+O
(
1
Λ˜4
))
+O(∂3), (71)
up to given orders in derivatives and Λ−1. The highly efficient RG flow equation (70) in conformally
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flat space background is invariant under the transformations given by (66) and the above equation,
up to the orders in Λ−1 shown when restricted to second order in derivatives.
The transformation of tµν is complicated as evident from (71), and in the general case it can
only be found in an asymptotic expansion in a specific theory of classical gravity. Nevertheless, it
is unique and can be deduced from the transformation of gµν as given by (59) and (65), and the
latter is simple, exact to all orders in the UV expansion, and also holds for an arbitrary classical
theory of gravity. Therefore (59) and (65) should be thought of as more fundamental in defining
the lifted Weyl symmetry of the highly efficient RG flow corresponding to the Fefferman-Graham
gauge fixing of the dual classical gravity equations.
In the following subsection, we will find the lifted Weyl symmetry of the highly efficient RG
flow corresponding to an arbitrary gauge fixing of diffeomorphism symmetry of the dual classical
gravity equations.
C. Deciphering the gauge fixing of diffeomorphisms from the lifted Weyl symmetry
We will prove here that every choice of gauge fixing of the (d + 1)−diffeomorphism symmetry
in the corresponding classical gravity equations induces a unique lifted Weyl symmetry in the dual
highly efficient RG flow that reduces to Weyl transformations in the UV. The inverse statement
is also true, i.e. the gauge fixing of the (d + 1)−diffeomorphism symmetry in the classical gravity
equations can be completely deciphered from the lifted Weyl symmetry of the corresponding highly
efficient RG flow. The latter can also be defined in a manner which is also completely independent
of the classical gravity theory to which the highly efficient RG flow corresponds to. Therefore,
the lifted Weyl symmetry is an universal feature of highly efficient RG flows, if indeed as argued
in Section II the defining property of highly efficient RG flow leads to it being a rephrasing of a
classical gravity theory will full diffeomorphism invariance.
Firstly, let us choose a gauge which is infinitesimally different from the Fefferman-Graham one.
This can be specified by the gauge-fixing conditions which determine α and βµ uniquely. From the
first order equations (57) relating the new α and βµ to those in the case of Fefferman-Graham
gauge, we can then determine the infinitesimal diffeomorphism transformations, meaning ρ and
χµ, which take us from the Fefferman-Graham gauge to the new gauge. Since in (57), we have
only first order radial derivatives of ρ and χµ given the boundary conditions that ρ = O(r2) and
χµ = O(r2) so that they do not modify boundary (UV) data, we obtain unique solutions for ρ and
χµ. Let us call this unique transformation G.
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The lifted Weyl symmetry transformation corresponding to a Weyl transformation by δσ in the
UV, and under which the new highly efficient RG flow equation is invariant reads GPδσG−1, where
Pδσ corresponds to the PBH transformation (65). This can be verified as follows: Firstly, with
G−1 we can transform from the new gauge back to Fefferman-Graham gauge. Note that this does
not modify the UV data and the background metric. Then with Pδσ , we can perform the unique
diffeomorphism transformation that is non-vanishing at the boundary (Λ =∞) modifying the UV
data and the background metric by a Weyl transformation with parameter δσ, while keeping the
Fefferman-Graham highly efficient RG flow equations (70) invariant. Finally, we can go back to the
new gauge by the unique transformation G (which itself does not modify the UV data). In total, we
have arrived at the new gauge, but with UV data and background metric Weyl transformed by δσ.
Clearly GPδσG−1 should be the new and unique transformation under which the new highly efficient
RG flow equation in conformally flat metric background is invariant, since after the transformation,
the RG flow corresponds to the same gauge fixing of diffeomorphisms of the dual classical gravity
equations, but with the UV data and the conformally flat background metric are Weyl transformed
by δσ.
The transformation of gµν then follows from (59), which in turn results in a unique transfor-
mation of tµν as discussed in the previous subsections. Recall gµν(Λ) is unique in a highly efficient
RG flow, and its transformation also induces a unique transformation of tµν because the relation
between the two is preserved by the lifted Weyl symmetry. Nevertheless, the more fundamental
definition of the lifted Weyl symmetry is via the transformation of gµν , as it takes the same form in
any classical theory of gravity. From the transformation of gµν one can read off the diffeomorphism
G that relates the Fefferman-Graham gauge to the new gauge, given that we can find the new lifted
Weyl symmetry GPδσG−1 and we know Pδσ explicitly. Thus from the lifted Weyl symmetry we can
decipher the corresponding gauge fixing of diffeomorphisms in the dual classical gravity equations.
This correspondence between the symmetry of the highly efficient RG flow and the gauge fixing
in the corresponding gravity equations is independent of the classical gravity theory to which the
highly efficient RG flows map to, as the transformation of gµν is independent of the classical gravity
theory.
V. CONCLUSIONS
In this paper, we have shown that all diffeomorphism invariant pure classical gravity theories can
be recast as first order highly efficient RG flows. Furthermore, we have claimed that by imposing
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an appropriate infrared criterion on the latter, we can also reproduce the right UV data which lead
to absence of naked singularities in the solutions of the dual gravity theory. We will establish this
claim with explicit examples in the second part of our work [8].
We have not yet shown how a precise construction in the field theory involving a specific
procedure of coarse-graining can generate such highly efficient RG flows in strongly interacting
large N quantum field theories. This will be the main object of study of the second part of this
work [8] as well.
Although we have focused on the pure gravity sector here, it is not hard to see that our approach
extends beyond the case of pure gravity. Consider the case when we have an additional scalar single-
trace operator O. In this case, the highly efficient RG flow equations which should reproduce the
dual gravity equations, will assume the form:
∂
∂Λ
tµν(Λ) = F
µ
1ν [t
µ
ν(Λ), O(Λ),Λ],
∂
∂Λ
O(Λ) = F2[t
µ
ν(Λ), O(Λ),Λ]. (72)
The scale-dependent Ward identity that must be preserved at all scales is:
∇(Λ)µt
µ
ν(Λ) = O(Λ) ∂µJ(Λ), (73)
where gµν [t
µ
ν(Λ), O(Λ),Λ] is an appropriate scale-dependent background metric and J [t
µ
ν(Λ), O(Λ),Λ]
is an appropriate scale-dependent external source that are functionals of the effective single-trace
operators. With an extra propagating degree of freedom, a Ward identity of the above formed can
be preserved along the scale evolution only if there is an underlying diffeomorphism invariance,
such that gµν(Λ) and J(Λ) lead to a bulk metric and a bulk scalar field in the Fefferman-Graham
gauge, which solve the equations of a classical gravity theory coupled to a scalar field with full
(d+1)−diffeomorphism invariance. The arguments supporting this assertion will mimic those given
in Section II. Nevertheless, it is not easy to formulate the right infrared criterion. We will comment
more on this in the second part of the work.
It will be particularly interesting to see how higher spin gravities can be reformulated as highly
efficient RG flows. Such theories of gravity have a larger group of gauge symmetries which also
include standard diffeomorphisms. We need to understand how these gauge symmetries in (d +
1)−dimensions can be ensured by d−dimensional Ward identities which generalise (8) in order to
apply our approach to this problem. The insights obtained from [32–37] should be highly valuable
in this regard. This development is also worth taking because the dual field theories are often
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solvable particularly for the case of d = 2. We can then hope to learn a lot about how holographic
correspondence leads to alternative formulations of quantum field theories.
Finally, we emphasise again that our approach for reconstructing the holographic correspondence
as a highly efficient RG flow should also work when the solutions of the classical gravity theory do
not have a well defined asymptotic region, so that we need to impose a UV cut-off to make sense
of the correspondence. As in our approach all UV data can be determined through our infrared
criterion, we do not need an asymptotic UV region on the gravity side to have a precise map
between the theory of gravity and effective dual field theory at a given scale. Nevertheless, it will
be interesting to work out such an example explicitly.
In the second part of our work, we will comment more on possible intersections of our approach
with other works in the literature. We will also discuss how our approach can be used to construct
new non-perturbative frameworks for theories like Quantum Chromodynamics (QCD) and some
open questions.
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Anhang A: Derivation of transformations under bulk diffeomorphisms in derivative expansion
We first note that the transformation of the induced metric γµν as given by (57) can be written
compactly in the form:
γ˜µν = γµν + ρ
∂γµν
∂r˜
+ Lχγµν . (1)
One can readily prove the following result
∂
∂r
LχA
µ1...µn
ν1....νn
= Lχ
∂
∂r
Aµ1...µnν1....νn + L ∂χ
∂r
Aµ1...µnν1....νn, (2)
for an arbitrary tensor Aµ1...µnν1....νn. With the above rules, one can substitute (57) in the definition of
the extrinsic curvature (19), we readily obtain the transformation of the latter as in (62).
It is also not hard to see that the transformation of the inverse induced metric is given by
γ˜µν = γµν + ρ
∂γµν
∂r˜
+ Lχγ
µν . (3)
Let us define the bare energy-momentum tensor as tµν
bare
as
tµν
bare = −2
l
rd
γµρ (Kρν −Kγρν) . (4)
in case of Einstein’s gravity in a arbitrary d. The transformation of tµν
bare
is then as follows
t˜µν
bare = tµν
bare + ρ
∂
∂r˜
tµν
bare + d
ρ
r˜
tµν
bare + Lχt
µ
ν
bare −
2
r˜d−1
(
∇µ∇νρ−∇
2ρδµν
)
. (5)
We readily see that the last term after transformation diverges at r = 0 (at the UV) if ρ vanishes
as r asymptotically (which is allowed as it does not shift the boundary away from r = 0)– this
must be cancelled by the transformation of the counterterm. We will see this is indeed the case.
Above all indices have been lowered/raised using g/its inverse and ∇ is the covariant derivative
constructed from g.
The first counterterm required to cancel the on-shell volume divergence in tµν
bare
is
tµν
ct(1) = −2(d− 1)
1
rd
δµν . (6)
This does not transform under bulk diffeomorphism at all, simply because in the new coordinates
we have to replace r by r˜ (note we are comparing tµν
ct(1)
(r˜, x˜) with t˜µν
ct(1)
(r˜, x˜) and they are verily
the same as δµν is invariant). Nevertheless, Lχt
µ
ν
ct(1)
= 0 and (ρ(∂/∂r) + d(ρ/r))tµν
ct(1)
= 0, so
we can as well write for later convenience that
t˜µν
ct(1) = tµν
ct(1) + ρ
∂
∂r˜
tµν
ct(1) + d
ρ
r˜
tµν
ct(1) + Lχt
µ
ν
ct(1). (7)
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The second counterterm required to cancel the subleading on-shell divergence in tµν
bare
is
tµν
ct(2) =
2
d− 2
l2
rd
(
Rµν [γ]−
1
2
R[γ]δµν
)
. (8)
Identically, for any arbitrary transformation
δRνσ [γ] =
1
2
∇µ (∇νγ
µρδγρσ +∇σγ
µρδγρν −∇ργ
µρδγνσ)−
1
2
∇σ∇νγ
αβδγαβ . (9)
To find the transformation under bulk diffeomorphism we simply need to substitute (1) above.
Employing in addition the vector Einstein equation (45) and after some further rearrangements,
we get
δRνσ [γ] = ρ
∂
∂r˜
Rνσ[γ] + LχRνσ[γ] +
+
1
2
(
∇νz
µ
σ∇µρ+∇σz
µ
ν∇µρ+ z
µ
σ∇ν∇µρ+ z
µ
ν∇σ∇µρ−
−2∇µzνσ∇µρ− zνσ∇
2ρ−Tr z∇ν∇σρ
)
+
+
1
r˜
(d− 2)∇ν∇σρ+
1
r˜
∇2ρ gνσ. (10)
Above zµν is as defined in (31) and zµν = gµρz
ρ
ν . This implies that
t˜µν
ct(2) = tµν
ct(2) + ρ
∂
∂r˜
tµν
ct(2) + d
ρ
r˜
tµν
ct(2) + Lχt
µ
ν
ct(2) +
+
1
d− 2
1
r˜d−2
(
∇µzαν∇αρ+∇νz
µ
α∇
αρ+ zµα∇ν∇
αρ+ zαν∇
µ∇αρ−
−2∇αzµν∇αρ− z
µ
ν∇
2ρ− δµνz
α
β∇α∇
βρ−
−Tr z∇µ∇νρ+Tr z∇
2ρ δµν
)
+
+
2
r˜d−1
(
∇µ∇νρ−∇
2ρ δµν
)
. (11)
The terms in the last line above are precisely those needed to cancel the divergent terms in the
transformation of tµν
bare
as in (5).
We recall that
tµν = t
µ
ν
bare + tµν
ct(1) + tµν
ct(2) +O(∇3). (12)
41
Therefore combining (5), (7) and (11) we obtain
t˜µν = t
µ
ν + ρ
∂
∂r˜
tµν + d
ρ
r˜
tµν + Lχt
µ
ν +
+
1
d− 2
1
r˜d−2
(
∇µzαν∇αρ+∇νz
µ
α∇
αρ+ zµα∇ν∇
αρ+ zαν∇
µ∇αρ−
−2∇αzµν∇αρ− z
µ
ν∇
2ρ− δµνz
α
β∇α∇
βρ−
−Tr z∇µ∇νρ+Tr z∇
2ρ δµν
)
+O(∇3). (13)
After using the inverted relation between zµν and t
µ
ν using (51), and retaining terms up to two
derivatives, we obtain (63) for d > 2 as claimed before when the boundary metric is flat Minkowski
space.
Anhang B: Useful identities
Let us assume that
gµν = g(0)µν(x) + r
2g(2)µν (x) + r
4g(4)µν (x) +O(r
6). (1)
The exact forms of g(2)µν and g(4)µν are not important for the moment. The expansion for the
Levi-Civitia connection is:
Γµνρ[g] = Γ
µ
(0)νρ(x) + r
2Γµ(2)νρ(x) + r
4Γµ(4)νρ(x) +O(r
6), (2)
with
Γµ(0)νρ = Γ
µ
νρ[g(0)],
Γµ(2)νρ =
1
2
gµσ(0)
(
∇(0)ν g(2)σρ +∇(0)ρ g(2)σν −∇(0)σ g(2)νρ
)
,
Γµ
(4)νρ
=
1
2
gµσ
(0)
(
∇(0)ν g(4)σρ +∇(0)ρ g(4)σν −∇(0)σ g(4)νρ
)
−
−
1
2
gµα(0) g(2)αβ g
βσ
(0)
(
∇(0)ν g(2)σρ +∇(0)ρ g(2)σν −∇(0)σ g(2)νρ
)
, (3)
where ∇(0) is the covariant derivative built from g(0). It follows that
Rµνρσ[g] = R
µ
(0)νρσ(x) + r
2Rµ(2)νρσ(x) + r
4Rµ(4)νρσ(x) +O(r
6), (4)
with
Rµ(0)νρσ = R
µ
νρσ[g(0)],
Rµ(2)νρσ = ∇(0)ρΓ
µ
(2)νσ −∇(0)σΓ
µ
(2)νρ,
Rµ(4)νρσ = ∇(0)ρΓ
µ
(4)νσ −∇(0)σΓ
µ
(4)νρ + Γ
µ
(2)ραΓ
α
(2)νσ − Γ
µ
(2)σαΓ
α
(2)νρ. (5)
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Clearly, the similar coefficients in the expansion for Ricci tensor are,
Rµν [g] = R
α
(0)µαν (x) + r
2Rα(2)µαν(x) + r
4Rα(4)µαν(x) +O(r
6), (6)
and that for the Ricci scalar are:
R[g] = R(0) + r
2
(
R(2)µν g
µν
(0) −R(0)µν g
µα
(0) g(2)αβ g
βν
(0)
)
+
+r4
(
R(4)µν g
µν
(0) −R(2)µν g
µα
(0) g(2)αβ g
βν
(0) +
+R(0)µν g
µα
(0)
(
g(2)αγ g
γδ
(0) g(2)δβ − g(4)αβ
)
g(0)βν
)
+
+O(r6). (7)
Anhang C: Derivation of highly efficient RG flow equation in conformally flat space
We can solve Einstein’s equations perturbatively in r asymptotically when the boundary metric
is conformally flat, meaning it is ηµνe
2σ(x) exactly as we have done in Section IIIB when the
boundary metric chosen to be flat Minkowski space. However as the conformally flat metric ηµνe
2σ(x)
has a curvature, the subleading term in gµν is O(r
2) and not O(r4) as in d = 4.
To proceed, it is useful to expand around the exact solution which has no term in the Fefferman-
Graham expansion beyond O(r4). This corresponds to the general case when the bulk metric is
conformally flat as well. This exact solution is [38]
g∗µν = g(0)µν (x) + r
2g(2)µν(x) + r
4g∗(4)µν(x), (1)
with
g∗(4)µν =
1
4
g(2)µα g
αβ
(0) g(2)βα. (2)
The leading term g(0)µν being the boundary metric should be
g(0)µν = e
2σ(x)ηµν . (3)
The subleading term g(2)µν takes the form
g(2)µν = −
1
2
(
R(0)µν −
1
6
R(0)g(0)µν
)
, (4)
for an arbitrary solution (we have used the notation of Appendix B). More explicitly,
g(2)µν = −(∂µσ)(∂νσ) + ∂µ∂νσ +
1
2
ηµνη
αβ(∂ασ)(∂βσ). (5)
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In order to find the general solution, we can write without loss of generality that
g(4)µν(x) = g
∗
(4)µν(x) + aµν(x). (6)
In this case, the general solution takes the form
gµν = g(0)µν(x) + r
2g(2)µν(x) + r
4
(
g∗(4)µν(x) + aµν(x)
)
+ r6g(6)µν(x) +O(r
8). (7)
This procedure of perturbing around the exact solution (1) to find the g(6)µν for a general solution
with a flat boundary metric is advantageous, because on simple dimensional grounds aµν along with
its derivatives can appear only linearly in g(6)µν . Thus we can simply expand (44) linearly about
the exact solution (1) and then truncate the solution at the leading order to find g(6)µν . In turn
this will give us the missing term in the general highly efficient RG flow equation in conformally
flat space.
In order to satisfy the vector and scalar constraints, namely (45) and (46) we require
aµν g
µν
(0) = 0, g
αβ
(0)∇(0)αaβµ = 0, (8)
where ∇(0) is constructed from g(0)µν . Using the various identities in Appendix B, we obtain
g(6)µν = −
1
12
(
gαβ(0)∇α∇βaµν
)
+
2
3
(
aµα g
αβ
(0) g(2)βν + g(2)µα g
αβ
(0) aβν
)
−
1
6
aµν g(2)αβ g
αβ
(0) −
−
1
6
g(0)µν g
αγ
(0) g
βδ
(0) aαβ g(2)γδ . (9)
Substituting the above in (40) and employing the identities in Appendix B once again we can
obtain the coefficients of the expansion
tµν = t
µ
(0)ν(x) + r
2tµ(2)ν(x) + r
2 log r tµ(2a)ν(x) +O(r
4 log r) (10)
of tµν . Note the term proportional to log r in (40) can also be shown to be proportional to the
r4 log r in the asymptotic expansion of gµν which vanishes when the boundary metric is conformally
flat (as in the exact solution (1)). Therefore this term does not contribute at the leading order,
meaning at order log r, and this is why there is no log r term in (10). However it does contribute
at order r2 log r giving rise to tµ(2a)ν term in (10).
The leading term in (10) is
tµ(0)ν = t
µ
ν
∞ = tµ(0)ν
∗
+ 4gµα(0)aαν , (11)
with
tµ(0)ν
∗
= −gµα(0) g(2)αβ g
βγ
(0) g(2)γν + g
µα
(0) g(2)αν g
βγ
(0) g(2)βγ +
+
1
2
δµν
(
gαγ(0)g(2)αβ g
βδ
(0) g(2)γδ −
(
gαβ(0) g(2)αβ
)2)
. (12)
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The term tµ(0)ν
∗
equals tµν
∞
for the exact solution (1) and is entirely a functional of the boundary
metric. The subleading term in (10) is
tµ(2)ν = t
µ
(2)ν
∗
+ tˆµ(2)ν , (13)
where
tµ(2)ν
∗
= gµα(0) g(2)αβ g
βγ
(0) g(2)γδ g
γδ
(0)g(2)δν −
1
2
gµα(0) g(2)αβ g
βγ
(0) g(2)γν g
δǫ
(0) g(2)δǫ −
−
1
2
gµα(0) g(2)αν g
βδ
(0) g(2)βγ g
γǫ
(0) g(2)δǫ +
+
1
2
δµν
(
− gφα(0) g(2)αβ g
βγ
(0) g(2)γδ g
δǫ
(0) g(2)ǫφ +
+
(
gαγ(0) g(2)αβ g
βδ
(0) g(2)γδ
)(
gǫφ(0) g(2)ǫφ
))
, (14)
is an explicit functional of the boundary metric and
tˆµ(2)ν = −g
αβ
(0)∇(0)α∇(0)β (g
µρ
(0) aρν) + 4g
µα
(0) aαβ g
βγ
(0) g(2)γν + 6δ
µ
ν g
αγ
(0) aαβg
βδ
(0) g(2)γδ . (15)
Also
tµ(2a)ν = r
2 term in the expansion of(
1
8
Rµανβ [g]R
αβ [g]−
1
48
∇µ∇νR[g] +
1
16
∇2Rµν [g]−
1
24
R[g]Rµν [g] +
+
(
1
96
R2[g]−
1
32
Rαβ[g]R
αβ [g]−
1
96
∇2R[g]
)
δµν
)
, (16)
which is thus an explicit functional of the boundary metric as well. This can be readily obtained
from the compact but explicit expansions of Γµνρ[g], R
µ
νρσ[g] etc. obtained in Appendix B. The
exact form of this is a lengthy expression which is not too illuminating, so we skip giving a more
detailed expression here.
Using (10), (11), (12), (13), (14), (15) and (16), we can readily invert the relation between aµν
and tµν . We obtain,
ηµαe−2σaαν =
1
4
(
tµν − t
µ
(0)ν
∗
)
− r2
(
tµ(2)ν
∗
+
+
1
4
(
− gαβ(0)∇(0)α∇(0)β
(
tµν − t
µ
(0)ν
∗
)
+
+4
(
tµβ − t
µ
(0)β
∗
)
gβγ(0) g(2)γν +
+6δµν
(
tγβ − t
γ
(0)β
∗
)
gβδ(0) g(2)γδ
))
−r2 log r tµ(2a)ν +O(r
4 log r). (17)
45
Differentiating (10) and using the above inverted relation we finally obtain the highly efficient RG
flow equation for tµν , which is as follows:
∂
∂r
tµν = r
(
2tµ(2)ν
∗
+
+
1
2
(
− gαβ(0)∇(0)α∇(0)β
(
tµν − t
µ
(0)ν
∗
)
+
+4
(
tµβ − t
µ
(0)β
∗
)
gβγ(0) g(2)γν +
+6δµν
(
tγβ − t
γ
(0)β
∗
)
gβδ(0) g(2)γδ
)
+
+tµ(2a)ν
)
+ 2r log r tµ(2a)ν +O(r
3 log r). (18)
Replacing r by Λ−1 above we obtain (70). We have also replaced gµν(0) by its more explicit form
e−2σηµν , and changed notations by replacing ∇(0) by ∇
(σ).
Anhang D: Derivation of transformations under bulk diffeomorphisms in UV expansion
Here we proceed by assuming that the boundary metric is conformally flat, meaning it is
ηµνe
2σ(x), and that d = 4. We would be interested to derive the transformation of tµν up to
O(r4 log r). Furthermore, we will restrict ourselves to two derivatives.
Assuming minimalist counterterms (those required for cancellations of UV divergences only),
only the first two counterterms and the log counterterm can contribute to the transformation of tµν
up to O(r4 log r). We can thus proceed exactly as in Appendix A and obtain the transformation
by expanding (13) up to required orders. Note all the results in Appendix A are generally valid for
any arbitrary boundary metric, except for(63) where we have imposed that the boundary metric
is flat Minkowski space. On top of this we need to add the transformation of the log counterterm.
However this log counterterm only contributes at sixth order in derivatives, so we can ignore its
effect if we restrict ourselves to two derivatives.
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Doing the UV (asymptotic) expansion of zµν , ρ; χµ, gµν and ∇ etc. in (13) we get
t˜µν = t
µ
ν +
(
r˜2 δσ
1
2
(
− gαβ(0)∇(0)α∇(0)βt
µ
ν + 4t
µ
β g
βγ
(0) g(2)γν + 6δ
µ
ν t
γ
β g
βδ
(0) g(2)γδ
)
+4 δσ tµν −
1
2
r˜2Le−2σηαβ∂βδσ t
µ
ν +
+
r˜2e−2σ
2
(
ηµβ∂βt
α
ν ∂αδσ + ∂νt
µ
α ∂βδσ η
αβ + tµα ∂ν∂βδσ η
αβ + tαν ∂β∂αδσ η
βµ −
−2∂αt
µ
ν ∂βδσ η
αβ − tµν ∂α∂βδσ η
αβ − δµνt
α
β ∂α∂γδσ η
βγ
)
+
+O
(
r˜4
))
+O(∂3), (1)
up to fourth order in derivatives and given orders in the asymptotic expansion. Replacing r by Λ−1
above we obtain (71). We have also replaced gµν(0) by its more explicit form e
−2σηµν , and changed
notations by replacing ∇(0) by ∇
(σ).
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